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Abstract

We construct convex, semidefinite programming (SDP) relaxations of
the convex hull of association schemes with given parameters. As an ap-
plication, we obtain new and known SDP relaxations of several combina-
torial optimizations problems, including the traveling salesman and cycle
covering problems (by considering the Lee association scheme) and the
maximum p-section problem (by considering the scheme of the complete
p-partite graph).

Thus, the approach in this paper may be seen as a unified framework to
generate SDP relaxations of various combinatorial optimization problems.
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1 Introduction

Semidefinite programming (SDP) relaxations of combinatorial problems date
back to the work of Lovasz in 1979 [14], and received renewed interest following
the seminal paper of Goemans and Williamson [9] on approved approximation
algorithms using SDP.

Surveys on the application of SDP in combinatorial optimization are given
in [13, 8.

The standard approach to obtaining SDP relaxations has been via binary
variable formulations of the relevant combinatorial problems.
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Thus, for example, the convex hull of the set {vv? | v € {—1,1}"} is usually
approximated by the convex elliptope:

E={X=X"TeR"™ : X;;=1(i=1,...,n), X =0}

where X > 0 means X is symmetric positive semidefinite. One can derive useful
error bounds via this approximation, since

2
Zarcsin € C conv{vv” |v e {~1,1}"} C &,
T

where the arcsin function is applied entry-wise (see e.g. [9, 18]).

Stronger SDP relaxations may then be obtained via so-called lift-and-project
techniques, see e.g. [12].

In a recent paper [5] on SDP relaxations of the traveling salesman prob-
lem (TSP), a totally different approach to constructing SDP relaxations was
introduced. This approach was based on the theory of association schemes in
algebraic combinatorics.

In this paper we generalize the approach in [5] to obtain SDP relaxations
of various combinatorial problems in a unified way. Thus we obtain known
relaxations for the TSP and maximum bisection problems, and new ones for the
cycle covering and maximum p-section problems.

Finally, we show that the approach may be generalized further to include
all coherent configurations (and not only association schemes). Thus we may
derive relaxations of problems like the maximum cut problem with specified cut
sizes.

Notation

We use I, to denote the identity matrix of order n. Similarly, J,, and e, denote
the n x n all-ones matrix and all ones n-vector respectively, and 0,,x, is the
zero matrix of order n. We will omit the subscript if the order is clear from the
context.

The vec operator stacks the columns of a matrix, while the diag operator
maps an n X n matrix to the n-vector given by its diagonal. The Kronecker
product AQ B of matrices A € RP*? and B € R"*® is defined as the pr x ¢s matrix
composed of pg blocks of size r x s, with block ij given by A;;B (i =1,...,p),

(G=1,...,9).

2 Preliminaries on Association Schemes

We will give a brief overview of this topic; for an introduction to association
schemes, see Chapter 12 in [7], or §3.3 in the book by Cameron [2].

Definition 2.1 (Association scheme). Assume that a given set of zero-one nxn
matrices A = {Ao, ..., Aq} has the following properties:

(1) Ag =1 and Z;‘i:o A; = J (all-ones matriz).



(2) AT € A for each i;
(3) AZAJ = AJAZ fOT’ all i,j,’
(4) AiA; € span{Ao, ..., Aq} for alli,j.

Then A is called an association scheme with d classes. If the A;’s are also
symmetric, then we speak of a symmetric association scheme.

The complex span of the matrices {Ag, ..., Aq} is a matrix *-algebra (i.e.
a subspace of C"*" that is also closed under matrix multiplication and taking
complex conjugate transposes), called the Bose-Mesner algebra of the associa-
tion scheme.

Informally, one sometimes refers to a ‘matrix from the association scheme’
in stead of ‘a matrix from the Bose-Mesner algebra of the association scheme.
(The same abuse of terminology is common when speaking about a basis or
generators of the Bose-Mesner algebra, etc.)

Note that, if {Ag,..., Aq} is an association scheme, and P a permutation
matrix, then {PA PT, ..., PA;PT} is also an association scheme, and the two
Bose-Mesner algebras are isomorphic as algebras.

Example 2.1. The set of circulant matrices:

Co C1 Co - Cn—1
Cpn—1 Co C1

Ch—1 Co (&1

C1
&1 Cpn—1 Co

are from an association scheme with n classes. The natural 0-1 basis of the
circulant matrices forms this association scheme.

Likewise, the n X n symmetric circulant matrices are from a symmetric as-
sociation scheme with d = |n/2]| classes.

A graph with diameter d with adjacency matrix from A is called distance
regular. Conversely, any distance regular graph with diameter d generates an
association scheme with d classes as follows.

Theorem 2.1. Given a distance regular graph G = (V, E) with diameter d,
define |V| x |V| matrices A®) (k=1,...,d) as follows:

k 1 if dist(i,§) =k .
Az('j):{ 0 6];S€ ( ]) (l,]GV),

where dist(i, 7) is the length of the shortest path from i to j.
Then {I, AN, ... AD} forms a symmetric association scheme on d classes.



A proof of this result is given in [2] (Theorem 3/6(b) there.)
The matrices A®) in the theorem are called the distance matrices of the
graph G, with A(M) being its adjacency matrix.

Example 2.2. The standard Hamiltonian cycle with adjacency matrix

01 0 - 0 1
1 0 1 0 - 0
01 0 1

0 1
10 -~ 0 1 0|

generates the association scheme of the symmetric circulant matrices.

The example is a particular case of what is known as a Lee association
scheme. In particular, any association scheme obtained from the one in the
example via permutations of rows and columns is called a Lee scheme.

2.1 Eigenvalues of association schemes

By definition, the Bose-Mesner algebra of an association scheme has a basis of
zero-one matrices. By a fundamental result in commutative algebra, it also has
a basis of idempotent matrices, as the following result shows.

Theorem 2.2. An association scheme with d classes has an orthogonal basis
Ey, ..., Eq of self-adjoint idempotents that sum to I, i.e.

E,=E? E;=FE; (i=0,...,d),

with By = 17 and Y0 By = I.

Note that the matrices E; are Hermitian positive semidefinite, since they are
self-adjoint and have zero-one eigenvalues.

We may write the basis { Ao, ..., Aq} in terms of the basis {Fy, ..., Eq}, and
vice versa.

In particular, there exist constants py (i), called eigenvalues of the scheme,

such that .,

SpiE=4; (j=0,....4d).

i=0
Note that the value p;(¢) is the ith eigenvalue of A;. Also note that p;(0) is the
valency of the graph with adjacency matrix A;, since

d

Aje =" pi(i)Eie =p;(0), (j=1,...,d),
=0



since Eie=0 (i=1,...,d).
Similarly, there exist constants g (#), called dual eigenvalues, such that

d
%qu(i)Ai:Ejio (j=0,...,d). (1)
1=0

One has qo(i) = 1 for all 4.
It is customary to define primal and dual matrices of eigenvalues via
Pij = pj(i), Qij = Qj(i) (’L,] :O,...,d).
It is easy to show that PQ = nl.

Example 2.3. The dual eigenvalues of the association scheme of the symmetric
circulant matrices are (for odd n):

qi(j) = 2cos(2mwij/n) (i,j=1,...,d=|n/2]).
Moreover, ¢;(0) = 2 for all i. (Recall that qo(j) =1 for all j.)

2.2 Strongly regular graphs

A graph from an association scheme with d = 2 classes is called a strongly
regular graph.
An equivalent, and more insightful definition is as follows.

Definition 2.2. A simple graph that is neither a clique nor a co-clique is called
strongly regular if there exist parameters k, A\, i such that

e cach vertex is adjacent to k vertices;
e for each pair of adjacent vertices there are A vertices adjacent to both;

e for each pair of non-adjacent vertices there are u vertices adjacent to both.

Example 2.4. A simple example of a strongly regular graph that will be used
later on is the complete bipartite graph Ky, ,m on 2m vertices. Here k = p=m

and A = 0.

The eigenvalue matrices P and ) have closed form expressions for strongly
regular graphs. The adjacency matrix of a strongly regular graph has an eigen-
value k corresponding to the eigenvector e (since it is k-regular). Eigenvalues
that have eigenvectors orthogonal to e are called restricted eigenvalues. Note
that k& may also be a restricted eigenvalue. It follows that there are exactly two
distinct restricted eigenvalues, that we will denote by r and s (r > s).

Theorem 2.3. Let G = (V,E) be a strongly regular graph with parameters
k, A, i and restricted eigenvalues v and s. Assume the multiplicity of the eigen-
value r (resp. s) is f (resp. g). One has

1 k |[V|-k—1 1 f 9
P=1|17r —r—1 L, Q=11 J;v(“/k) gf/k)
r+1 s+1
I s —s—1 O e = it v



Example 2.5. The association scheme of the complete bipartite graph K, , is
given (using a suitable labeling of the vertices) by

1
A= {AOZIQma Al = |: (])_ 0 :| ®J7m A2:IQ®(Jm_Im)}~

Thus the restricted eigenvalues of K, ., are the eigenvalues r =0 and s = —m
of Ay, so that

1 m m-1 1 2m—-1) 1
P=|1 0 -1 |,0=1]1 0 -1
1 —m m-1 1 -2 1

One can verify that PQ = |V |I = 2ml, as it should be.

3 SDP relaxations of association schemes

For the purposes of deriving convex relaxations of association schemes, we sum-
marize the results of the last section in the following way.

Lemma 3.1. Let {Ay,...,Aq} be an association scheme. One has
d
> (DA =nE; = 0 (j=0,...,d),
1=0

where the ¢;(i) (i,7 = 0,...,d) are the dual eigenvalues of the scheme, and
{FEo,...,Eq} is the idempotent basis of the scheme.

As a consequence we may define a convex set that contains a given associa-

tion scheme {Ay,..., A4} as the solution set of the following the linear matrix
inequalities:
d
qu (Z)X’L - TLY] (.] = Oa ad)’ (2)
=0
Xi 2 0 (Z:L 'ad)a Xo =1, (3)
1
Y, = 0 (i=1,...,d), Yo=—J (4)
n

Note that the system (2—4) has a solution given by X; = A; and Y; = E;
(i =0,...,d). Also, every other association scheme with the same eigenvalues
corresponds to a solution.

The following theorem shows that several important equalities are already
implied by (2—4).

Theorem 3.1. Assume X; and Y; (i = 0,...,d) satisfy the system (2—4).
Then the following holds:



d
LYY Y =1,
2. Yie=0 (j=1,...,d),

3. Y p@Yi=X; (j=1,...,d),
4. Xje=p;0)e (j=1,...,d).

Proof. Using Z?:o gj(1)A; =nE; (j=0,...,d) and Z;'l:o E; =1, one has

d d

i=0 \j=0

Since Ayg = I and the A;’s are linearly independent this implies:

d d
> gi(0)=nand Y g;(i)=0 (i=1,...,d). (5)
j=0 7=0

Now note that (2) implies

d d
d_a() | Xi=) Y,
=0

d
i=0 \ j=0

and we thus obtain Z?:o Y; = I by using (5) and Xy = 1.
Now using
d

J+Y Y =nl,

Jj=1

we obtain Z?Zlee = 0, which in turn implies Y;e = 0 (j = 1,...,d), since
Y;=0(G=1,...,4d.

To prove item 3 of the theorem, we note that the coefficient matrix in the
linear system (2) is Q7. Since PQ = nl we have Q=7 = %PT, which implies
the required result.

Finally, we have

d

i=0
and using Yje =0 (j = 1,...,d) yields item 4 of the theorem. O

In addition to the linear equalities that are implied by the relaxation (2—4),
all linear matrix inequalities of a certain type are implied, as the next result
shows.



Theorem 3.2. Assume that the linear matriz inequality

d
Z OziXi E O7 (6)

i=0
where ai,...,aq are given scalars, is satisfied by X; = A; (i = 1,...,d),
where {Ao, ..., Aq} is an association scheme with dual eigenvalues q;(i) (i,j =

0,...,d).
Then (6) may be written as a conic linear combination of the linear matriz
inequalities

d
D gi(H)Xi=0 (j=1,....d) and ¥ X;=J.
i =0

Proof. We have that
d

ZaiAi =Y i 0,

=0

say. Since Y > 0 is in the Bose-Mesner algebra of the scheme, there exist

nonnegative scalars (g, . .., 84 such that
d
i=0

where the F;’s form the idempotent basis of the algebra, as before. (The values
0; are precisely the nonnegative eigenvalues of Y'). Substituting

yields

as required. O

4 SDP relaxations of combinatorial optimiza-
tion problems

In this section we apply the SDP relaxation (2—4) to different combinatorial
optimization problems, by considering different association schemes.



The basic idea is as follows: if the combinatorial optimization problem in
question may be restated as finding a certain distance regular subgraph of min-
imum (or maximum) weight in a given weighted graph, then the the SDP re-
laxation (2—4) applies.

For example, the traveling salesman problem (T'SP) may be stated as looking
for a minimum weight Hamiltonian cycle in a given weighted graph. Similarly,
the maximum bisection problem may be viewed in finding a maximum weight
complete bipartite graph K, ,,, in a given weighted graph on 2m vertices.

4.1 The traveling salesman and related problems

Given is a matrix D with positive off-diagonal entries, which we view as edge
weights in a complete graph. The TSP is to find a Hamiltonian cycle of minimum
weight in this graph.

The association scheme of a Hamiltonian cycle is the Lee Scheme (see Ex-
ample 2.3).

Applying the SDP relaxation (2—4) with the suitable objective function
yields the SDP problem (after eliminating the Y; variables):

1
min Qtrace(DXl) (7)
subject to
d
I+ Xp = J

k=1

d ik
I Xy = 0 (i=1,...,d
+§COS< n ) k= (Z ’ ’ )7

X, > 0 (i=1,...,d),

where the values ¢;(i) = 2 cos (2”#) are the dual eigenvalues for the Lee scheme
(see Example 2.3).

This is precisely the SDP relaxation of TSP introduced in the paper [5].

Remark

One may use Theorem 3.2 to show that this relaxation of the TSP is tighter
than the SDP relaxation of Cvetkovich et al. [3]. This was already shown in [5]
(Theorem 4.1 there), but the proof may be simplified greatly using the more
general Theorem 3.2.

4.1.1 The k-cycle covering problem

Consider the problem of partitioning the vertices of a complete weighted graph
into k vertex disjoint cycles of equal length, such that the sum of the edge
lengths appearing in the cycles is minimal.



This problem was studied by Goemans and Williamson [10] (see also [15]),
who showed that a 4-approximation algorithm exists when the weights satisfy
the triangle inequality.

Now let ny, := n/k be integer. The matrix variable X,,, now corresponds to
the adjacency matrix of & disjoint cycles of length ny.

In other words, we obtain a new SDP relaxation for the k-cycle covering
problem by replacing the objective function (7) by min itrace(DX,, ).

4.2 The maximum bisection problem

Here we are given a matrix W with nonnegative entries that we view as edge
weights of a graph G = (V, E) with |V| = 2m.

The goal is to find a complete bipartite subgraph K, ,, of G of maximum
weight.

The association scheme generated by K, ,, is described in Example 2.4 and
its eigenvalues in Example 2.5.

Applying the SDP relaxation (2—4) yields the SDP problem:

1
max Etrace(WXl) (8)
subject to
I2m + Xl + X2 = J2m
(m — ].)Igm — X2 i 0
Ioyy — X5 +Xo = 0
X, Xy > 0.

An earlier SDP relaxation of the maximum bisection problem due to Frieze
and Jerrum [6] (see also Ye [18]) is the following.

1
max {4trace((W — Jom)X) | diag(X) = eam, Xeom =0, X = O} C)

To see that this is a relaxation of the maximum bisection problem, set X = vo7,

where v € {—1,1}?™ gives the optimal equipartition of the vertex set.
We will show next that these two SDP relaxations actually provide the same
upper bound.

Theorem 4.1. The optimal values of the SDP problems (8) and (9) coincide.
Proof. Given an optimal solution X7, X5 of (8), set

X = Iy — X1 + X5 = 0.
Using part 4 of Theorem 3.1 we have

Xeoym = eam — Xieam + Xoeonm

= eym — Meay + (m — 1)egy, =0,

10



where we have used that Ajes,, = mea,, and Ases,, = (m — 1)eg,, for the
association scheme of K,, ., (see Example 2.5). Moreover, it is easy to verify
that diag(X) = ey, and Strace(W — J)X) = Strace(WX;).
Conversely, assume that X is feasible for (9). It is straightforward to verify
that setting
Xl = %(ng — X), XQ = %(ng +X) — IQm

yields a feasible solution of (8) with the same objective value. O

4.3 Max-p-section

The max-p-section problem is the generalization of max bisection, where the
aim is to find a complete p-partite subgraph of maximum total edge weight in
a given weighted graph.

The association scheme generated by the complete p-partite graph on pm
vertices has the eigenvalue matrices:

1 mp—-1) m-1 1 p(m—-1) p—1
p=[1 0 1 ],0=|1 0 1
1 1

-m m—1

Applying the SDP relaxation (2—4) yields the SDP problem:
1
max §trace(WX1) (10)

subject to

o o o
B -

Ipm + X1+ X5

(m — 1)1, — X2
p—DLpym—X1+(p—-1)X,
X1, X

IV Y 1Y

Note that this coincides with the relaxation (8) in the bisection (p = 2) case.
A different SDP relaxation for the max-p-section problem was introduced in

[1].
5 Exact conic programming reformulations

In this section we give an exact description of the conic hull of all association
schemes with the same parameters.
To be precise, we fix an association scheme {Ao, ..., Aq} and consider

conv {{PTA,P,...,PT AP} : Pell,} C R,

where II,, denotes the set of n x n permutation matrices.

11



In order to describe this convex hull we use a result by Povh and Rendl [16].
To this end, recall that a matrix Y is called completely positive if Y =", vyl
for some nonnegative vectors y;.

It will be convenient to use the following notation for block matrices: If an
n? x n? matrix Y is partitioned into n x n blocks Y% (i, =1,...,n) we will
write Y = [Y(ij)]iszl’m’n.

Lemma 5.1 ([16]). Consider the set

V= {Y = [Y(ij)]i,jzl,.‘.,n € Cp2

n
ZY(“) =1, trace(Y'") = 6;; (i,j = 1,...,n), trace(JY) = 712} )
i=1
where Cy, is the cone of nxn completely positive matrices, and d;; the Kronecker
delta. One has

Y = conv{vec(P)vec(P)" : P€Il,}.

Using the lemma, it is straightforward to show the following.
Lemma 5.2. Let A € S"*" be given. The following two sets coincide:

e cov{PTAP : P€ll,}

o {MeS™™ i M;; = trace(AY ) (i,j =1,...,n), Y € Y}

where Y € S X" s the block matriz with blocks Y (i,j = 1,....n), as
before.

Proof. Let P € 1I,, and A € S"*™ be given and fix 7,5 € {1,...,n}. Define
E() ¢ S™*" as the matrix with ones in positions (i,) and (j,i) and zeros
elsewhere. One has:

(PTAP);; = %trace(E(ij)PTAP)
_ %trace (2@ & A)(vee(P)vec(P)")
= trace(AY )
for some Y € V. O

Using the lemma, we may describe the convex hull of association schemes
with given eigenvalues.

Theorem 5.1. Given is an association scheme A = {Ay,..., Ay} with idem-
potent basis {Ey, ..., Eq} and dual eigenvalues ¢;(i) (1,5 =0,...,d). Consider
the following system.:

ZQJ(Z)XZ = YJ (]:Ov7d)7 (11)

s
vV
jen}
—
~.
I
o
S

(12)

12



where

(Vi)rs = trace (B;Y D) (G =0,.0d), (s =1,.0m), (1)

where Y € Y is the block matriz Y = [Y(m)]nszl,mm (r,s=1,...,n).
Matrices {Xo, ..., Xa} form a solution of this system if and only if they are a

convex combination of association schemes of the form {PAyPT, ..., PA4PT},
where P € 11,,.

Proof. The matrices {Xy,..., X4} in a solution of the system is uniquely deter-
mined by the matrices {Yp, ..., Yy} via (11). Indeed, the linear operator defined

by (11) is invertible, since its matrix representation is the (nonsingular) matrix
QT of dual eigenvalues.

Thus we only need to show that, if {Yp,...,Y;} is a solution of the sys-
tem, then it may be written as a convex combination of sets of the form
{PEyPT,...,PE;PT}, where P € II,,. This follows immediately from Lemma
5.2. O

It is not immediately obvious that the SDP relaxation (2 — 4) is implied
by the exact formulation in the theorem, i.e. that the conditions ¥; = 0 (j =
0,...,d) are implied. To show this, we may assume without loss of generality
that the matrices Y () (r,s = 1,...,n) in Theorem 5.1 belong to the Bose-
Mesner algebra of the association scheme A.

Thus, the expression (13) in the theorem reduces to:

trace (EjY(”)) = pj(O))\j(Y(”)) (r,s=1,...,n),(j =0,...,d),

where \; (Y(”)) is the eigenvalue of Y (%) that corresponds to the eigenspace
spanned by the columns of E;, and p;(0) is its multiplicity, as before.

We now perform a unitary transformation on Y = [V, ,_; . in order
to obtain a block matrix with diagonal blocks. If U denotes the unitary matrix
that block diagonalizes the Bose-Mesner algebra of A, then I, UY (L, @U)* :=
[Y(ij)]i,jzl ..... n Where

V@) = Diag(A (Y )), ..., Ag(Y DY),
i.e. each block Y () is replaced by a diagonal block containing its eigenvalues
(with multiplicities).
Now notice that, for any fixed j € {1,...,d}, the matrix
[)‘j (Y(TS))]T,Szl,..‘,n (14)
is a principal submatrix of Y := [Y(ij)]i,jzly__,n. Since Y = (I,U)Y (I,U)* =

0, it follows that the matrix in (14) is positive semidefinite too, as required. As
already mentioned, this means that Y; = 0.

13



6 Generalization to coherent configurations

An association scheme is a special case of a so-called coherent configuration.
In particular, a set of matrices that meets all the conditions in Definition 2.1
except possibly condition 3 (commutativity) and Ag = I forms a coherent con-
figuration.

Definition 6.1 (Coherent configuration). Assume that a given set of zero-one
n X n matrices {A1, ..., Aq} has the following properties:

(1) > icr Ai =1 for some index set T C {1,...,d} and E?Zl A =.
(2) AT € A for each i;
(8) AjA; = A;A; for alli,j;
(4) AjA; € span{Ay,..., Aq} foralli,j.
Then {A1,...,Aq} is called a coherent configuration.

Thus, a coherent configuration is a basis of zero-one matrices of a (possibly
non-commutative) matrix *-algebra.

A coherent configuration does not necessarily have a self-adjoint idempotent
basis, but it does have a basis of positive semidefinite Hermitian matrices. This
is a consequence of the structural theorem for matrix x-algebras. In stating the
theorem, we require the following notation for the direct sum of two matrix
algebras A; and As:

AL DAy = {(f; 22), A€ Ay Ay GAQ}.

Theorem 6.1 (Wedderburn [17]; see also §2.2 in [4]). If A € C™*" is a matriz
x-algebra, then there exist a unitary matrix U and positive integers p and n;, t;
(i=1,...,p) such that

U* AU = @P_t; © Cixms

where
t,oCY M ={l,, @ M | M e C" "™} (i=1,...,p).

Corollary 6.1. Any matriz x-algebra has a basis of Hermitian positive semidef-
1mite matrices.

Proof. Follows from Theorem 6.1 and that fact that C™*™ has a basis of Her-
mitian positive semidefinite matrices. O

Now let Zy,...,Z,; denote a Hermitian positive semidefinite basis of the
algebra spanned by {41,...,A4}. As in the association scheme case (where the

14



Z;’s are also idempotent), we again have parameters ¢;(i) (4,7 = 1,...,d) so

that
d

Y qi(Ai=2;=0 (j=1,....d).

i=1
Note that we have used the same notation ¢;(¢) as for the dual eigenvalues of
association schemes, to emphasize the generalization.

Given the parameters ¢;(¢) (4,5 = 1, ..., d), we may again construct (approx-
imations of) the convex hull of coherent configurations with these parameters,
by replacing the A;’s by nonnegative matrix variables X; as before, with the
additional constraint that E‘;:l X, =J.

Finally, the constraints trace(X;) = trace(4;) and trace(JX;) = trace(JA4;)
(i =1,...,d) may be added. By Theorem 3.1, these constraints are already
implied for association schemes, but we show below that this is not necessarily
true for more general coherent configurations.

Thus far we have derived the following SDP relaxation:

d
qu(i)Xi = 0 (j=1,...,d), (15)

d
Noxi o= J, (16)
iXi = I, (17)

el
trace(X;) = trace(4;) (i=1,...,d), (18)
trace(JX;) = trace(J4;) (i=1,...,d), (19)
X, > 0 (i=1,....d). (20)

Unfortunately, Theorem 3.2 does not hold for general coherent configurations.
Thus there may be (infinitely many) additional valid linear matrix inequalities

of the type
d
ZaiXi t 0
i=1

where aq, ..., a4 are scalars.

The difference with the association scheme case may be explained as follows.
All Hermitian positive semidefinite matrices from an association scheme lie in
the polyhedral cone generated by the idempotent basis {Ey, ..., Eq}. In the
general case, the corresponding cone is not polyhedral.

We note, however, that it is still possible to optimize over this infinite set of
valid linear matrix inequalities in polynomial time using the ellipsoid method.
Indeed, for given {X7,..., X4} one may decide using SDP whether there exist
values aq,...,aq such that

d d
Z OziAi = 0 and Zale % 0.
i=1

i=1

15



This provides the necessary separation oracle for the ellipsoid method.

In the next section we illustrate these ideas by considering the coherent
configurations associated with cuts of specified size in graphs. We will not
consider all possible linear matrix inequalities, but will limit the discussion to
the SDP relaxation (15)— (20).

6.1 The maximum cut problem with specified cut size

Consider the generalization of the maximum bisection problem where the vertex
set must now be partitioned into two subsets of cardinality & and £ := n — k for
a given k. (Note that & = n/2 reduces to the maximum bisection problem).
Thus we consider the coherent configuration associated with the complete
bipartite graph K ;.
The coherent configuration has dimension 6 and consists of the following
matrices:

I Opxe Je— I Opxe Orxt  Jrxe
A = , Ao = , Az = ,
! <Oé><k Ozxe> ? ( Oex Oéxé) 3 (Oexk Ome)
Okxrk  Okxe Orxt Okxe Orxr Ogxe
Ay = As = Ap =
: (Jexk OZ><Z> P (Oexk IzXe) P 0 (ka Jo — Ib) ’

and its complex span is isomorphic (as a *-algebra) to C & C @ C2*2. The
relevant k-isomorphism, say ¢, satisfies:

sa = L ) et = 0 s o). eds) =vEE( 0, ),
(o) eaa=( ) ()

¢(A4):\/@<O ’ tl) 8)7925(145):(0 ' 8 ?>7¢(A6):(0 - 8 201>'

Note that ¢(A4;) (i = 1,...,6) forms a basis of C ® C @ C?*2, as it should. A
rank-one, Hermitian positive semidefinite basis is given by:
(A1 + A2), ¢(As + Ag), ¢(A1 + A2 —1 (A3 — Ag) + A5 + Ag),
G(A1 + As — (As + Ag) + A5 + Ag), d(( —1)As — Ag), ¢((k—1)A1 — As)),
where 2 := /—1.

Thus the matrix with entries Q;; = ¢;() is given by

1 0 1 1 0 k—1
1 0 1 1 0 -1
00 -1 — 0 0
Q= 00 -1 = 0 0 ’
01 1 1 (-1 0
01 1 1 -1 0

and the SDP relaxation of the maximum k — ¢ cut problem becomes

1
max §trace(W(X3 + X4))
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subject to

i=1
6
Y giHXi = 0 (j=1,...,6)
i=1
X, 2 0 (i=1,...,6),
X3 = XI?
X, + X5 = I,
trace(X1) = Kk,
trace(JX3) = k¢
trace(JX2) = k(k—1)
trace(JXg) = L(£—1).

Note that the X; matrix variables are real, but the p.s.d. condition should be
read as ‘Hermitian positive semidefinite’, since some of the parameters ¢; (i) are
complex.

Substituting X; + X5 = I, the linear matrix inequalities in the relaxation
become:

Xi+Xy = 0
Xs+Xs = 0

I+ X —(X3+ X)) +Xs = 0
T+Xo—1(X3—XI)+Xg = 0
l-—1)Xs-Xg = 0
k—1DX;—X, = 0

In any solution of these linear matrix inequalities, we may replace X3 by its
symmetric part to obtain another solution. Indeed, if

T+Xo—(Xs+X3)+X6=0
then, for X3 := %(X3+Xg)
T+Xo— (X3 +XH)+X6=0

and
T+ Xy — (X3 — X))+ X =1+ X0+ X >=0.

Moreover, replacing X3 by (X3 + X7) does not change the objective value,
since

trace(W (X3 + X7 )) = trace(W (X3 + X37)).
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Thus the complex linear matrix inequality is redundant, and we may rewrite
the SDP relaxation as

1
max §trace(WX)
subject to

X1+ X5
I'+Xo+ X+ Xs
X1+ X2
X5+ X
I+ Xo— X+ X
(6 —1)Xs5 — Xg
(k- 1)X; — Xo
trace(X1)
trace(JX)
trace(JX2) = k(k—1)
trace(JXg) = L({—1)

X, X1, X2, X5, Xs > 0.

Y 1Y 1Y 1y 1y
>0 OO0 o o W~

|
[\
=
~

The new variable X is the relaxation of the adjacency matrix of Ky ;.

Remarks

1. Note that the ‘trace’ constraints are not redundant. Indeed, if these con-
straints are omitted, a feasible point is given by X; = I, Xo = J — I,
X = X5 = Xg = 0. This confirms that Theorem 3.1 cannot be extended
to more general coherent configurations than association schemes.

2. Tt is straightforward to show that we regain the SDP relaxation (8) of the
maximum bisection problem if k = /.
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