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Abstract

We study graphs with spectral radius at most %ﬂ and refine results by Woo and
Neumaier [On graphs whose spectral radius is bounded by %\/i Graphs Combinatorics
23 (2007), 713-726]. We study the limit points of the spectral radii of certain families of
graphs, and apply the results to the problem of minimizing the spectral radius among
the graphs with a given number of vertices and diameter. In particular, we consider the
cases when the diameter is about half the number of vertices, and when the diameter is
near the number of vertices. We prove certain instances of a conjecture posed by Van
Dam and Kooij [The minimal spectral radius of graphs with a given diameter, Linear
Algebra Appl. 423 (2007), 408-419] and show that the conjecture is false for the other
instances.



1 Introduction

In [6], the problem was raised to determine the minimal spectral radius of graphs with a given
number of vertices and diameter. While the case of minimizing the spectral radius (given
the number of vertices and diameter) seems a hard problem, Van Dam [5] and independently
Hansen and Stevanovié¢ [7] solved the analogous maximization problem completely. In order
to tackle the minimization problem, we study graphs with spectral radius at most %\/5
Properties of such graphs were first studied by Woo and Neumaier [12], and some recent work
is done by Wang et al. [11]. In Section 3, we shall refine the results of Woo and Neumaier.
In particular, we shall show that the graphs under consideration are subgraphs of so-called
m-Laundry graphs and m-Urchin graphs. Related to this we study limit points of the spectral
radii of certain graph sequences, using methods developed already in the seminal papers of
Hoffman and Smith [8, 9]. Some special attention is given to graph sequences whose spectral
radii have limit point /2 + V5.

In Section 4, we shall apply the obtained refinement to (partly) solve the problem of
minimizing the spectral radius of graphs with given number of vertices and diameter in case
the diameter is about half the number of vertices. In Section 5 we do the same for the case
that the diameter D is near the number of vertices n. We prove a conjecture of Van Dam and
Kooij [6] for the cases e = 4 and 5, where e = n — D, whereas we show that the conjecture is
false for larger e. Instead, we pose some new conjectures. We remark that the case e = 4 was
independently solved by Yuan, Shao, and Liu [13].

2 Preliminaries

All the graphs considered in this paper are undirected and simple. By V(G) and E(G)
we denote the vertex set and edge set, respectively, of a graph G. Let ®(G) denote the
characteristic polynomial of GG, where whenever necessary we use an indeterminate x, so that
®(G)(z) = det(xz] —A), where A is the adjacency matrix of G. By p(G) we denote the spectral
radius of G, i.e., the largest root of ®(G). By D(G) we denote the diameter of G.

If e = uv is an edge of G, we denote by G \ e the graph obtained from G by deleting e
and by G \ {u,v} the graph obtained from G by deleting the vertices u and v and all the
edges incident to at least one of u and v. In general for a vertex subset W of V(G), we
denote by G\ W the graph obtained from G by deleting the vertices in W and all the edges
incident to at least one vertex in W. An edge uwv is called a bridge if the deletion of uv causes
an increase of the number of components of G. We say a graph H is a subgraph of G if
V(H) C V(G) and E(H) C E(G); it is a proper subgraph if at least one of these inclusions is
proper. The following three lemmas are well-known. The first is a consequence of the theory
of Perron-Frobenius, cf. [1, Thm. 3.1.1.v], while the latter two were proven by Schwenk, cf.

3, 2.7.9].
Lemma 2.1. If H is a proper subgraph of a connected graph G, then p(H) < p(G).

Lemma 2.2. Let u be a vertex of degree 1 in a graph G where the only neighbor of u is v.
Then
(G) = 2®(G\ {u}) — ®(G\ {u,v}).



Lemma 2.3. If uv is a bridge of a graph G, then
O(G) = (G \ w) — (G \ {u,v}).

A path of length | from a vertex u to a vertex v in G is a sequence of [ + 1 distinct vertices
starting with v and ending at v such that consecutive vertices are adjacent. A path P is called
a pendant path of G if one of the end vertices of P is connected to a vertex w in G\ P and
the others are not connected on any vertex in G \ P.

If uv is an edge of a graph G, denote by G, the graph obtained from G by subdividing the
edge uv by one vertex. More precisely, the vertex set of Gy, is V(G) U{w}, where w ¢ V(G)
is a new vertex which will be adjacent to both u and v. Also, all the edges of G will be kept
in G, with the exception of the edge wv.

An internal path of G is a sequence of distinct (except possibly 21 = xy) vertices xy, . .., xg
such that x;z;11 € E(G) for each 1 < i < k — 1, and where z; and x; have degrees at least 3,
and each of the other vertices has degree 2.

Let D,, be the graph obtained from a path 0 ~ 1 ~ --- ~ n—2 by adding a pendant vertex
at vertex 1 and a pendant vertex at vertex n — 3. Hoffman and Smith [9] proved the following
result about subdiving an edge on an internal path.

Lemma 2.4. Let uv be an edge of a connected graph G. If uv is on an internal path of G,
then p(Gu.) < p(G) unless G = D,,.

We remark that subdividing an edge on an internal path of D, does not change its spectral
radius, which equals 2.

Next, we recall some results on graphs with small spectral radius. The first two are classical
results by Smith [10], and the third result is by Brouwer and Neumaier [2]. The results require
the following definitions. We denote by 7}, the graph with k4 [+ m + 1 vertices consisting
of three paths with £, [, and m edges, respectively, where these paths have one end vertex in
common. These graphs are called T-shape trees. The graph H; j,4,k > 2,5 > 1 is the graph
on ¢+ j + k + 1 vertices, obtained from a path of ¢ + 57 + k — 1 vertices, by adding pendant
vertices at the i-th and ¢ + j-th vertex. These are examples of H-shape trees.

Theorem 2.5. The only connected graphs on n vertices with spectral radius smaller than 2
are the path P,, the graph D,, = Ti1,-3, and the graphs Eg = T2 (n = 6), Er = T1 93
(TL = 7), and Eg = T1,274 (n = 8)

Theorem 2.6. The only connected graphs on n nodes with spectral radius equal to 2 are the
n-gon Gy, the graph Dy, 1 = Ha 52, and the graphs Es = Typy (n =17), By =T33 (n =38),
and Eg = T17275 (’I’L = 9)

Theorem 2.7. Let G be a connected graph. Then 2 < p(G) < /2 + /5 (= 2.0582) if and
only if G is one of the graphs T1 9 m,m > 6; Th3m,m > 4; Ty jm,m > 1> 4; Togp,,m > 3;
Toss; Hijr, j=>1+k>5; Hyjp, j>k+2;, Hyjp, j >k—=12>2; Hy13; Hyu3;, H354; Hy74;
Hygs.

After Woo and Neumaier [12], we call a tree with maximum degree 3 such that all vertices
of degree 3 lie on a path an open quipu; a closed quipu is a connected graph with maximum

3



degree 3 such that all vertices of degree 3 lie on a circuit, and no other circuit exists; and a
dagger To(n) is obtained from a path with n + 1 vertices by adding three pendant vertices at
one of its end vertices. Woo and Neumaier [12] introduced this terminology for the following
result.

Theorem 2.8. A graph G whose spectral radius p(G) satisfies 2 < p(G) < 3/2 (~ 2.1213)
1s either an open quipu, a closed quipu, or a dagger.

Like in [6], we let P2 ™ denote the graph with diameter p — 1 obtained from a path P
:0~1~---~p—1on p vertices with pendant paths of n; vertices added at vertex m; of
the path P. This implies that ny < m; and n;, < p —m; — 1. We will call the pendant paths
of n; vertices added at vertex m; of the path P inner pendant paths for 2 < ¢ <t — 1. The
other two pendant paths of n; and n; vertices added at vertex m; and m;, respectively, and
another two pendant paths: 0 ~ 1~ - ~my,and my ~my+1~---~p—1onmqg+1
and p — m; vertices, respectively will be called outer pendant paths. Note that these graphs
are open quipus.

Similarly, let C7itm27 " denote the graph obtained from a cycle C': 0 ~ 1 ~ -+ ~
p—1~ 0 on p vertices with pendant paths of n; vertices added at vertex m; of the cycle C.
These graphs are closed quipus. In particular, we let C), denote the graph C’gn.

For the purpose of this paper, we are going to call the graph P; 13 f T, 4173 the Laundry
graph on 2n — 2 vertices, denoted by Lo, 5 and to call the graph 0?1112 T 1 the Urchin graph
on 2n vertices, denoted by Us,. More generally, we will define the m-Laundry graph and the
m-Urchin graph for integers m > 1. The m-Laundry graph is obtained from the Laundry
graph by replacing all inner pendant paths (of length one) by pendant paths of length m and
the four outer pendant paths (of length two) by pendant paths of length m + 1. In other
words, the m-Laundry graph is P$111$+2mg;T; 3n=m=2 Note that the 1-Laundry graph is
the usual Laundry graph. Similarly, the m-Urchin graph is obtained from the Urchin graph by
replacing all pendant paths of length one by pendant paths of length m, i.e., it is C% 12~ .n-1

MMM, ;Mm,n’

Figure 1: 2-Laundry graph and 1-Urchin graph



3 Refinement of Woo and Neumaier’s theorem

In this section we are going to refine Theorem 2.8 using the m-Laundry graphs and the m-
Urchin graphs. We define

pm = lim p(Tnn) and Oy, = lim p(Thmn)-
n—o00 n—00

Note that these limits exist because the sequences are increasing (by Lemma 2.1) and bounded
(by the largest degree (3) for example; note however that the next lemma implies that the
spectral radius of every T-shape tree is at most %\/5) For notational purpose we define
A= \(z) = 2= V222_4. The following lemma will be used to show our main results. Recall that

Ty(n) is a dagger graph, and C,, denotes the graph C? .
Lemma 3.1. The following statements hold:

(a) lim p(Ty(n)) = 3V2,

(9) lim p(Ch) = V24 /5.
() lim (P = V2.

Proof. (a): By [8, Lemma 3.4], lim,, o, p(To(n)) is the largest root of the polynomial \(z? —
3) — z, and this is $v/2. Alternatively, see [12, Lemma 3].

(b): See [8, Proposition 3.6].

(¢): From Lemma 2.3, we obtain that

¢)<Tm,n+1,n+1) = CI)(Pm-HH—Q)CI)(Pn—i—l) - CI)(Pm)(I)(PTH-l)CI)(Pn)a and
O(Tnt1,mr1,0) = P(Prant2) P (Prt1) — @(Fn) P ( Py ) 2(Fr)

by taking u to be the vertex of degree three and v a neighbor of u on a path of length n + 1
(for the first equation) or m + 1 (for the second equation). It follows that the spectral radius
of both graphs is the largest root of ®(Py,1,12) — ®(P)P(F,).

(d): Immediate from (c).

(e): See [12, Lemma 3].

(f): The graph C%2m 1l has two internal paths. We obtain as a subgraph T, 1m.m U Lo,

m,m,4m-+2



by removing the edges joining the middle vertices on these internal paths. Similar as in the
proof of [9, Lemma 3.3], we have

m 2 2
p(Tm,mm) = p(QTmmm) < p(CS{,Qm,;;‘}z—i-Q) < p(QTm,mm) + m = p(Tm,m,m) + m

Now it follows immediately from (e).
(¢9): Similar as (f), using (b).
(h): Similar as [12, Lemma 3]. O

Proposition 3.2. For positive integers k < m,

3
Orm < Okma1 < Opgip1 < 5\/5

Proof. Because Ty, ., is a subgraph of T}, .11 5, it follows that 0y, < 04 1. Moreover, 0y, .,
is the largest root of the polynomial A®( Py pi1) — P(Pr)P(FP,) by [8, Lemma 3.4]. Similarly,
Ok.m+1 is the largest root of the polynomial A®(Pyii2) — P(Py)P(Prt1). Now we claim
that the two polynomials have no common root, which implies 6, < 8k +1 (Which is to be
proven). To prove the claim, assume that there exists a common root z, so that

0 = AB(Pyimst) — ®(P)®(Py) and (1)
0 =2 A®(Piymi2) — P(P)P(Pry1), (2)

where =, indicates that the polynomials are the same when evaluated at x. By combining
these two equations we obtain that

(I)(Pk+m+2)‘b<Pm) —z q)(Pk+m+1)‘I)(Pm+1)-

Since ®(P,11) = z®(P,,) — ®(Py—1) and P(Prymia) = 2P(Prims1) — P(Prym), it follows
that
Q(Prtm+1)2(Fn1) =5 Q(Pim)P(Fn).

Repeating this procedure, we obtain
D (Prys)P(P1) =5 ©(Pri2)P(P2).

This implies (2®(Pyio) — ®(Pry1))r =5 P(Pry2)(x? — 1) which means that ®(Pp2) =,
x®(Pyy1). Because O(Pyyo) = xP(Pyy1) — P(Fy), it follows that z is a root of ®(P;). But then
it follows from Equations 1 and 2 that z is a root of both ®(Pyyp11) and ®(Pyipmy2), which is
impossible (because it follows easily by induction and the equation ®(P5) = x®(P1)—P(F)
that paths of consecutive lengths have no common eigenvalue). Thus the claim, and the in-
equality 0, ,,, < 0 m41 1S proven.

The inequality 0y 41 < Ok+1 41 easily follows from the inequalities 8y, ,, < 0k 11 and the
fact that Oxi1 k41 = pr = limy oo P(Thnn)-

From Lemma 3.1(e) it follows that pj is at most %\/5 The above inequalities imply that
pr s strictly increasing, so that Op41 441 < %\/5 O



Lemma 3.3. For m > 1, we have p,, = X + X1, where X is the largest oot of the equation
/\2m+4 o 2/\2m+2 + 1= O

Proof. As before, p,, = 6p41.m+1, which is the largest root of the polynomial A®(Py,43) —
O(Pyt1)P(Prt1) by [8, Lemma 3.4]. From the characteristic polynomial of the path in [3,
p. 73], we deduce that ®(P,,) = % From this, and the fact that x = X 4+ A7, the
required result can be obtained. Il

For m = 1, the equation \?™*4 — 2)\?m+2 11 = () has largest root 1/ 1+2‘/5, giving p; = Oy =

2+ 5 & 2.0582. We further remark that 023 = 2.0763, po = 033 ~ 2.0936, 05 4 ~ 2.1013,
and 2v2 ~2.1213.

Theorem 3.4. For a positive integer m, let i be a real number such that pr < Opyy1mi2. Then
any graph G on n vertices with spectral radius at most p is a subgraph of an m-Laundry graph
or a subgraph of an m-Urchin graph, for n large enough.

Proof. By Theorems 2.5 and 2.6, any graph with spectral radius at most 2 is a subgraph of
C,, or a subgraph of D, if n > 9. So we may assume that the spectral radius of G is greater
than 2. Since p < €,,41m+2, there exists a positive integer Ny such that p < p(Trnt1m+2.n)
for all n > N;. And by Lemma 3.1(a), there exists a positive integer Ny such that the spec-
tral radius of a dagger graph with n vertices is strictly greater than p for all n > N,. Let
N := max{N;, No}. Since p(G) < %\/5, the graph G is either an open quipu or a closed quipu,
or a dagger, by Theorem 2.8. However, if we take n > N, then GG cannot be a dagger graph.
Hence we have two cases, namely either G is an open quipu or a closed quipu.

Case 1. The graph G is an open quipu.
Let p — 1 denote the diameter of G. If n > (2N + m + 2)2, then G can be expressed as
G = ngﬁz%f;ﬁﬁ; with p > 2N +m + 2. We have that ny <mj; and ny <m+1;ifn; >m+1
then 7,11 m+2n is a subgraph of G, and this means p(G) > p(Th4+1,m+2,n), & contradiction.
If ny = m + 1, then m; = m + 1; otherwise G contains T}, 11 m12 5 as a subgraph. By the
same argument, it holds ny <p—m;—1and n, < m+1. If n, =m+1, then m;y =p—m —2.
Now we are going to consider inner pendant paths of G. Suppose that the inner pendant
path at vertex m; has length at least m + 1 for some 2 < ¢ <t — 1. Since p > 2N +m + 2,
and G cannot have T),11 42~ as a subgraph, without loss of generality it satisfies 7 = 2,
my =ny, =m, my =m+ 1 and ny > m + 1. However, subdividing the edge m;ms, gives a
graph with smaller spectral radius containing as a subgraph 7,11 ;,+2 x Which gives a contra-
diction. Therefore it follows that the graph G is a subgraph of an m-Laundry graph.

Case 2. The graph G is a closed quipu.

. : : : ; mM1,ma, ;M 1V1
Since G is a closed quipu, it can be written as Cy71,77 "t If necessary we subdivide edges

on internal paths of G to get a similar graph G’ = C’Z ﬁnﬁénfﬁ, with p’ > N +m + 3. Then
the length of any pendant path should have length at most m, i.e. n; < m for all 1 <1 <,
since, if there exists a pendant path with length at least m + 1, then G’ contains T, 41 m+2.n
as a subgraph, so that p(G) > p(G’) > p(Tit1.m+2.n), a contradiction. Therefore the graph

G is a subgraph of an m-Urchin graph. O]



Let {G;}:>1 be a sequence of quipus. Let ¢; := t;(G;) be the number of vertices of degree three
in G; and ¢; := ¢;(G;) be the minimal length of all maximal internal paths in G;.

Proposition 3.5. Let {G;};>1 be a sequence of graphs such that G; is a subgraph of a Laundry
graph and t; > 2, or Gy is a subgraph of an Urchin graph and t; > 1. Then lim p(G;) =

\/ 2+ V5 implies that {; — oo (i — o0).

Proof. First observe that v/2 4 v/5 cannot be an eigenvalue of a graph, so the number of
vertices of GG; must tend to infinity. Suppose that there is a constant A such that ¢; < h for all
1. The idea of the proof is to show that there is a graph H that is a subgraph of G; whenever
i is large enough, and that has spectral radius larger than v/2 + /5. This would settle the
proof. In fact, we will not exactly show the above, as we may assume without loss of generality
that ¢; = h for all 7, because we can always subdivide edges on internal paths. The graph H
will also depend on whether G; is open or closed, as follows. If GG; is a subgraph of a Laundry
graph, then there is a k& such that G, contains Plllh ;”jh +x as a subgraph for large enough 1,
where £ is much larger than h. If GG; is a subgraph of an Urchin graph, then it contains 6h as a
subgraph. The spectral radii p(Plllh ;h ) and p(@h) are indeed strictly larger than v/2 + v/5
by Theorem 2.7. [

We think that in general the converse of Proposition 3.5 does not hold. It is also not so easy
to extend Proposition 3.5 to m-Laundry graphs and m-Urchin graphs. However, we get the
following results by adding a stronger condition.

Lemma 3.6. Let Q,,(t,1) be the open quipu with t vertices of degree three, for which its four
outer pendant paths have length m + 1, all of its inner pendant paths have length m, and all
of its internal paths have length 21 4+ 1. Let {t;}i>1 and {l;}i>1 be integer sequences such that

ti N :
t; > 2 for alli. Then lim .= 0 implies that im Q,,(t;, ;) = pum.-
Proof. Let @m(ti, l;) be the graph obtained from @,,(¢;,[;) by deleting the edges joining the
middle vertices of each internal path. Then it is obvious that p(Qmn(t:, ;) < p(Qum(ti,1;)).
Moreover, each component of @, (t;, ;) is of the form T}, 1, 1, or T}y 1.m+1,,- Because lim;_ f— =
0 implies that I; — oo (i — 00), it therefore follows by Lemma 3.1(d) that lim p(Qu (&, 1)) =
Pm. By the method of the proof of [9, Lemma 3.3] (notice a small typo therein), we have

1)

P(Qu(ti 1) < p(Qulti 1)) + 2<tl_—

Since t;/l; — 0 (i — o©), we obtain that

lim p(Qum(ti; 1;)) = lim P(@n(ti, 1)) = pm.

1— 00



Lemma 3.7. Let C,,(t,1) be the closed quipu with t vertices of degree three, for which all of
its pendant paths have length m, and all of its internal paths have length 21 + 1. Let {t;};>1

and {l;};>1 be integer sequences such that t; > 1 for all i. Then lim l_ = 0 implies that

Proof. Similar as that of Lemma 3.6. [

For a closed quipu G with at least one vertex of degree 3, we define the depth, denoted by
r(G), as the minimal value 7 such that it is a subgraph of an r-Urchin graph. For open quipus,
the definition of depth is more complicated because of the special role of the outer pendant
paths.

For an open quipu G with at least two vertices of degree 3, we define the inner depth of
G, denoted by ir(G), as the maximal length of its inner pendant paths; if there are no inner
pendant paths, we define it as —oo. To define the outer depth, we notice that the four outer
pendant paths come in two pairs (each pair consists of two paths attached to the same vertex
of degree three). If (ky,m;) and (kg,ms) denote the lengths of the paths in the two pairs,
with k1 < m; and ky < mao, then the lexicographically largest of these pairs is called the outer
depth or(G). We say G has depth r, denoted by r(G), if its outer depth is (r+ 1,74 1) and its
inner depth is at most 7, or its inner depth equals r and its outer depth is (k,m) with k& < r.

Theorem 3.8. Let {G;};>1 be a sequence of quipus of depth r(G;) = m, such that t; > 2 if
t;
G is open and t; > 1 if G; is closed. Then lim 7= = 0 implies that hm p(G;) = pm.

Proof. First, let us consider the case that all the graphs G; are open. Consider the graph H;
obtained from G; by replacing all internal paths of G; by paths of length ¢; (so G; can be
obtained by subdividing edges on internal paths of H;). Then p(G;) < p(H;). Without loss
of generality we may assume that ¢; is odd. Then H; is a subgraph of Q,,(;, e%) Hence by
Lemma 3.6 we have limsup p(G;) < pp,.

Consider the graph G, obtained from G; by deleting, on each internal path, the edge
joining the middle vertices. Then p(G;) < p(G;) as G; is a subgraph of G;. By considering the

components of G;, we find that hm p(G:) = pm because r(G;) = m. Hence hm p(G ) = Pm.

For the case that the graphs G are subgraphs of m-Urchin graphs, we s1m11arly obtain the
result by deleting the edge connecting the middle vertices on each internal path.

O

Theorem 3.9. Let {G;};>1 be a sequence of open quipus with t; > 2, of outer depth od(G;)
t;
(k,m), with k < m, and inner depth id(G;) < k. Then lim — = 0 implies that lim p(G;) =

1—00 17— 00

Or.m -

O

Proof. Similar as that of Theorem 3.8.
For m =1 we have the following two corollaries:

Corollary 3.10. Let {G;};>1 be a sequence of graphs such that G; is a subgraph of a Laundry
graph.



(a) Ift; = 1 for all i, then lim;_o p(G3) = V2 + /5 if and only if for all n there exists an
integer I such that for alli > 1, G; is either T' ,, k, or T2y, for somen, > n and k; > n.

(b) If t; = 2 for all 4, then lim;_. p(G;) = V2 + /5 if and only if for all n there exists an
integer I such that for all i > I, G; is either PZZZZZEﬁ& P;f}ﬁ/ﬁ#?’, or Pﬁ?jiﬁ}ﬁﬁl for
some l; > n, a; > n, and 3; > 1.

(¢) Ift; > 2 for all i and lim t;/¢; = 0, then lim,;_ p(G;) = V2 + V/5.

Proof. (a): A subgraph of a Laundry graph with one vertex of degree three is of the form
Ts9, or T g, The result now follows from the facts that lim p(T%2,) = lklm p(Tn) =

\/2+ /5, and lim p(Tikn) <\2+ V5 for fixed k.

(b): Since G; is a subgraph of a Laundry graph and ¢; = 2, the graph G; has only one internal
path, with length ¢;, so that it is Pzﬁ;fﬂra 48,41 for some positive integers a;, B, n1, and ny
such that a; > ny, B; > ny and (n1,n9) € {(1,1),(2,1),(2,2)}. Moreover, if ny =2 (ny = 2)
then oy = 2 (; = 2). Therefore G; is of the form P; 522%5, P; f’;ﬁ 430 OF P i?::i 1,41, Where
a; > 1 and B; > 1. Without loss of generality me may also assume that «; > ;.

Suppose that lim; .o p(G;) = V2 + /5. By Proposition 3.5, £; — oo (i — o0). On
the other hand, if £; — oo, then p(P;3515) — V24 V5 and p(Py{y 5 5) — V2+ /5 by

Theorem 3.8, whereas by Theorem 3.9, p(P} 1?:5; +p,+1) converges to a value smaller than

V245 if a; and f§; are bounded. If also a; — oo, then p(Plo‘l?IﬁwH) — V245
because G; contains a subgraph T ,, 4,
(¢): This follows immediately from Theorem 3.8. O

Corollary 3.11. Let {G;};>1 be a sequence of graphs such that G; is a subgraph of an Urchin
graph. If t; > 1 for all i and lim t;/¢; = 0, then lim p(G;) =v/2 + /5.

Proof. See Theorem 3.8. [

4 Application to diameter D near 3

From now on we will consider graphs which have minimal spectral radius among the graphs
with n vertices and diameter D. Such a graph is called a minimizer graph. For n > D > 1,
we define pp(n) := min{p(G)| G has n vertices and diameter D}.

Van Dam and Kooij [6] determined pp(n) for D € {1,2,[5|,n —3,n —2,n — 1}. They
observed that for n > 7, the unique minimizer graph with n vertices and diameter D = | 7]
is the n-gon C,.

Now we will apply Theorem 3.8 to determine pp(n) for D = "¢ with fixed e > 2 and
show that a minimizer graph is a member of one of four families of graphs as described below.
Let C" be the family of graphs obtained from the cycle C by adding pendant vertices at ¢
distinct vertices. Clearly, each member of Y hasn = s+t vertices, is a subgraph of the
Urchin graph Us,, and has diameter between |5] 4+ 1 and [$] +2 (if ¢ > 1).

10



Theorem 4.1. For given integer e > 2, pp(2D +¢e) — V2 + V5 as D — oo. Moreover,
a minimizer graph with diameter D and n = 2D + e wvertices is in one of the four families

C(tzt, e+1<t<e+4, forn large enough.

n

Proof. Let e > 2 be fixed. For n > 6(e 4+ 2) such that n — e is even, take the graph H, =

07l72l7'" ’(€+1)l 3 (€+2) n—e—2
Ol in—(erzy MGy 4(e+2)J'

3.11, lim, o p(H,) = V2 + V5 as t(H,)/l(H,) = (e+ 2)/@;;& — 0 (n — o0). Let G, be
a minimizer graph with n vertices and diameter D = 2<. Since p(G,) < p(H,) we can take
€ > 0 such that p(G,,) < p1+e€ < 0,3 for n large enough. By Theorem 3.4, GG, is a subgraph of
a Laundry graph or an Urchin graph, for n large enough. However, G,, cannot be a subgraph
of a Laundry graph because D(G,) = . Hence for n large enough, G, is in Cn ., for some
t. Therefore, the diameter of G,, is between [25t] + 1 and L" 2=t] 4+ 2, hence it follows that

e+1 <t <e+4. To finish the proof, we observe that p(G,) > /2 + v/5 by Theorem 2.7. [

n—e

5. By Corollary

where [ = |

n

Next, we consider the cases where § < D < %” In these cases, the graph C(n,D) :=
C%"LDJ D—[21,2(n-D) with n vertices and diameter D is a good candidate for a minimizer
graph We “observe that for every € > (0 there exists a positive integer N such that for all
n>Nand 2 <D <2 we have p(C(n,D)) < 3\/2 + €. This observation, which provides a
natural upper bound on pp(n), can be shown in a similar way as in the proof of Lemma 3.1
g For fixed e = 2D —n we can get better upper bounds because p(C(2D —e, D)) — pye as
D — oo by Theorem 3.8. We even conjecture that this is optimal.

Conjecture 4.2. Let e > 1. For n large enough and such that n + e z's even, the unique
minimizer graph G, with n vertices and diameter "3 is C(n, "3<) = CF el m—e

We shall prove this conjecture for e < 4. Some more evidence for the conjecture is given by
the following lemma.

Lemma 4.3. Let e > 1, n > e+ 4 and such that n + e is even. If a minimizer graph with

n vertices and diameter ”;re is a subgraph of an [5]-Urchin graph but not of an [§]-Laundry

graph, then it is C ’ETE .
L5),[5]n—e

Proof. Suppose the minimizer graph G, is a subgraph of an [£]-Urchin graph and contains
a cycle of length s. Then on one hand *< = D(G,) < [£] + n — s and on the other hand
e = D(G,) < [5] +2[%]. By combining these inequalities, it follows that s = n — e for

e even, and that in this case C J [ e is the only graph possible. For odd e, it follows

that n —e — 2 < s < n — e, and that there are three types of candidate graphs: C(E;F[Eq
2 9

C?’HTTH o1, and C Oh ;1 n_e_o for some h. By applying Lemmas 2.1 and 2.4, it follows
that of these candldates C’L J reln—e has the smallest spectral radius. n

To prove the cases e < 4 we use the following lemma.

11



Lemma 4.4. Let e > 1, m = [§], and n be such that n + e is even. Let G be a subgraph of
an m-Laundry graph, with n vertices and diameter D = "TJFE Then, possibly after subdividing
edges on internal paths, G contains Py f;r;imﬂ as a subgraph, for some s = s(n), with s — oo

as n — Q.

Proof. Let t be the number of vertices of degree 3 in G. Then by counting vertices one obtains
that n < D+1+tm+2, from which it follows that ¢ > ’;—;f —1. Consider the vertices of degree
3 in their natural order on the path, and let 7 be the number of consecutive pairs of such
vertices at distance at most m. Then it follows that § +m > D >2+7+ (t —1—17)(m +1),
from which we derive that 7 > 7y(n) for some 79(n) for which 74(n) — 0o as n — oo. The

statement now follows by taking s(n) = |$70(n)]. O
Theorem 4.5. Forn large enough and odd, the unique minimizer graph G,, with n vertices and
diameter D = "TH is Cpy = C(n, "—H) For n large enough and even, the unique minimizer

graph G,, with n vertices and diameter D = ”*2 1 C’1 1m—g- Moreover, pp(2D—1) — /2 + NG
and pp(2D —2) — /2 + /5 as D — <.

Proof. We shall only prove the first case (e = 1). The other case (e = 2) is similar. As

mentioned before, lim,,_, o p(@n_l) = /2 + /5 according to Theorem 3.8. Since p(G,) <

p(an_l) — p1 (n — 00), we have that p(G,) < 6,3 for n large enough. Then by Theorem
3.4, G, is a subgraph of a Laundry graph or an Urchin graph, for n large enough. If G, is
a subgraph of a Laundry graph, and has diameter ”H , then for n large enough, G,, contains
Pﬁfgslw as a subgraph by Lemma 4.4, where s = s(n) — 00 as n — 0o. But then p(G,,) >
p(Pﬁ’fg;H) > (Pff;ir:g) — 3v2 (n — o0) according to Lemma 3.1 (h), which gives a
contradiction. Thus G,, cannot be a subgraph of a Laundry graph, for n large enough. The
result now follows from Lemma 4.3. O]

For n = 11,13,15,17,19, it was checked by computer that the unique minimizer graph with n

vertices and diameter ”T“ is 6,1,1, see [6, Table 2]. For n =9 and D = 5, a minimizer graph
is either Cg or P117’2376.
It was also checked that for n = = 16, 18, 20, the unique minimizer graph with n vertices

and diameter 2= is indeed C’1 1o_o, see [6, Table 2]. For n = 14 and diameter 8, a minimizer

graph is either C’l 112 or CF .
We finish this section with the cases e = 3 and 4 of Conjecture 4.2.

Theorem 4. 6 For n large enough and odd, a minimizer graph G,, with n vertices and diam-

+

eter ™3 s C’1 ‘an_3, while for’ n large enough and even, a minimizer graph G, with n vertices

and dmmeter is C22n 1. Moreover, pp(2D — 3) — ps and pp(2D —4) — ps as D — oo.
Proof. Slmllar as that of Theorem 4.5. n

5 Application to diameter D near n

For Z* < D < n — 1, the graph T(n, D) := T\pypypn_p-y1 has n vertices, diameter D and
spectral radius p(T(n, D)) < 34/2 (because any T-shape tree has spectral radius smaller than

12



%\/5), which gives a natural upper bound on pp(n) for these cases. Like in the previous
section, we will be able to improve on this under certain assumptions.
In [6], the following conjecture was made regarding the graphs of diameter D minimizing

the spectral radius for D = n — e, where e is fixed and n is large enough.

LS5+ I n—e—[%54
Pl_e%lJv[egl—lvn_e"’_l
and diameter D = n — e, for n large enough.

Conjecture 5.1. For fixed e, the graph 18 a minimizer graph with n vertices

As mentioned earlier, the cases e = 1,2, 3 were settled in [6]. After making some observations
for general e, we shall give a short proof of the case e = 4, which was solved independently by
Yuan, Shao and Liu [13]. More precisely, we will prove that for n > 11, the unique minimizer
graph with n vertices and diameter n — 4 is Pfg;fg. Finally, we prove the case e = 5.

It follows flrom Thelorem 3.8 that for the conjectured minimizer graphs we have that
lim,, 0 p(PLL:;Z JJFL;;LEL) = Preiy- Here we shall show that Conjecture 5.1 is false for
e > 6, by showing that pp(D 4 ¢) — /2 ++/5 as D — oo, and that a minimizer graph must
be in one of the families we will describe now.

For e > 5, let P, be the family of graphs of the form P, "™ % | with ny = ne_s = 2,
ni=1forl <i<e—3,m =2 me3=n—e—2 Also, fore>4, P consists of graphs of
the form P/™e % withnyg =2, n; =1 for 1 <i,my =2, mey =n—e—1,and Py,
of graphs of the form P, ™\ with n; = 1 for all 4, my = 1, mey =n —e—1. All
graphs in these three families have n vertices and diameter D = n — e.

Theorem 5.2. For given integer e > 4, pp(D +¢€) — 2+ V5 as D — oo. Moreover, a
minimaizer graph with diameter D and n = D + e vertices is in one of the three families P, .,
P! ., and P!, for n large enough.

n,e’ n,e’

Proof. Let e > 4 be fixed. For n > 2e, take the graph H,, = P,/ 7™ with n; = 1 for
alli,m;=1+(G—1)lfori<e—1,me1=n—e—1in P/

n,e’

|. By Corollary

where | = [ 222

2
3.10(c), limy, o0 p(Hy) = V2 + V5 as ((H,) = [2=<2] — o0 (n — oo) and t(H,) = e — 1.
Let G, be a minimizer graph with n vertices and diameter D = n — e. Since p(G,) < p(H,)
we can take € > 0 such that p(G,) < p; + € < 023 for n large enough. By Theorem 3.4, G,, is
a subgraph of a Laundry graph or an Urchin graph, for n large enough. It then follows that
G, must be a subgraph of a Laundry graph because D(G,,) = n —e. Hence G, is of the form
P g With ny =ne_g =2,y =1for 1l <i<e—3,m3 >2 mes<n—e—2,
or of the form P2 . withny =2, n; =1for 1 <i,my >2, meo<n—e—1,or
of the form P71, with n; =1 for all 7, m; > 1, me_y < n —e— 1. It then follows
from Lemmas 2.1 and 2.4 that the inequalities for the m; should be equalities, i.e., G, is in
one of the families P, ., P}, ., and P _, for n large enough. To finish the proof, we observe

n,e’ n,e’

that p(Gp) > v/2 + /5 by Theorem 2.7. O

Instead of Conjecture 5.1 we pose the following.

Conjecture 5.3. For fized e > 5, a minimizer graph with n vertices and diameter D =n —e
is in the family P, ., for n large enough.
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Computational results comparing the three families of graphs P, ., P, ., and P for e =

5, ...,9 support Conjecture 5.3. For e = 6 and e = 7 we can be more specific as follows.

Conjecture 5.4. The graph P; ’1[’(2?;153/ 2D72 s the unique minimizer graph with n vertices

and diameter D = n — 6, for n large enough.

Conjecture 5.5. The graph P;’Hﬁ;?%gj D=LD=2)/8LD=2 40 e unique minimaizer graph with n

vertices and diameter D =mn — 7, for n large enough.
Next, we shall prove Conjecture 5.1 for the case e = 4. For this, we use the following lemma.

Lemma 5.6. p(P,sfzme) = P(P11,’1:i,21’,22n7:;35> for k>2 and m > 1.

Proof. We rewrite the characteristic polynomials of the two graphs as follows. Using Lemma
2.3 with u being the vertex of degree 3 incident to two paths of length k, we obtain that

(P ) = ®(P) [T 1 min) — P(Poo1)®(Th1m1)] -

Since Py is a proper subgraph of P,f lk ;:fm 49, it follows that p(P,f f zfm o) is the largest root of

(T 1,mrk) — P(Pe-1)P(Th,1,m-1)-
Similarly, using Lemma 2.3 with u being the middle vertex of degree 3, we obtain that

(P o) = ®(Tym) [P(Thmek) — P(Pect) (T 1,m-1)] -

. . 1,m+2.2m+3 . 1,m+2,2m+3 \ .
Since T11,, is a proper subgraph of P ;"7 it follows that p(P["7575 ") is also the

largest root of (7% 1 k) — P(Pe—1)P(111,m—1). This finishes the proof. O

Theorem 5.7. For n > 11, the graph Pigf;f?) 18 the unique minimizer graph with n vertices
and diameter n — 4.

Proof. Let (G,, denote a minimizer graph with n vertices and diameter n — 4, for n > 11.
Lemma 2.4 implies that the spectral radius of Pll”;;% is decreasing with n, so that

p(Gn) < P(P11,’2H,;E3) < P(P11,§5,8> ~ 2.0684.

Thus, by Theorem 2.8, GG, is a dagger, a closed quipu, or an open quipu. However, if G,, is a
dagger, then p(G,) = p(To(n —4)) > p(To(7)) ~ 2.1203, which is a contradiction. Also, if G,
is a closed quipu, then it contains as a subgraph C:’s, where s < 8 because the diameter of GG,
is n — 4. Thus, in that case p(G,) > p(Cs) > p(Cs) ~ 2.0840, which is a contradiction too.
So G,, must be an open quipu. If G,, is a T-shape tree, then it contains 7333 as a subgraph,
hence p(G,) > p(T533) ~ 2.0743, which is again a contradiction.

Thus, it follows that G, is either of the form Py;™;, with m; > 1 and my < n — 6,

or of the form P}'{"27%°, with m; > 1 and m3 < n — 5. Lemmas 2.1 and 2.4 then imply

that equality should hold in the inequalities for the m;. Thus, G, is P11”2"’;E3 or of the form
Plljlnfﬁ’,?:; for some my. However, by Lemmas 2.4 and 5.6 (for k = 2,m = n — 7; note that
Pigf;f?’ = Pif;fg), we have that p(Pl{’l”fﬁ;?:Ss) > p(Pifig;f’f;H) = p(Pl{’;;fg), which finishes
the proof. O
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For the case e = 5, the computations in [6] show that P; ’2%34 is the unique minimizer graph

with n vertices and diameter D = n — 5, for 14 < n < 20. For the proof of the conjecture for
this case, we use the following lemmas to eliminate two families of candidates.

Lemma 5.8. Let k > 3. Then p(Pi’ﬁligz’Sk’Q) = p(PQQ;/;;il) = p(Pll,’llfié’,ffIS).

Proof. Define G = P; 12 ﬁ;i’gk_Q and H = Pg;g;ﬁl By applying Lemma 2.3 (with bridge
2k — 2 ~ 2k — 1), we obtain that

=
=
I
&
>

)P(To2.96—2) — xP(To2.2%—5)]
= O(P)[P(Ps)P(T22.9k—5) — P(P2)P(T22,26—6) — 2P (T222k—5)]
= O(R)[(2” = 32)®(Tr2,2%—5) — (2° — 1)®(Th2.95—)].

By a different application of Lemma 2.3 (with bridge k — 1 ~ k), we derive that

O(H) = ®(Toox3)[P(To2k-2) — P(To2k4)]
= O(T25-3)P(P2)[P(Prt1) — 2@(Pr2) — ®(Pr-1) + 2P(Fr-4)]

@ (
DTy 5) PP B(Ty 1) — BT )]

Now it follows that

Q111 k11)P(To24-3) + P(T222k—6)
(I)(P2)(I)(T2,2,k—3)
= [(353 - 395)‘13(712,2,21@75) - (952 - 1)(I)(T2,2,2k76)]@(Tl,l,kJrl)
1
+ [Eq)(Tl,l,k—l) — O(T1 1 5-a)]2P(To2.2k—6)
= ($3 - 3$) [@(T2,2,2k—5)q’(T1,1,k+1) - ICI)(T2,2,2k—6)q)(T1,1,k—1)]
= (2° - 32)9(G).

O(H) -

The last equality follows from applying Lemma 2.3 (with bridge 2k — 3 ~ 2k — 2), whereas
the one-but-last follows from the recursive relations of ®(7} ;,) that follow from Lemma 2.2.
Because the largest root of H is larger than the largest root of ®(P)(z* — 32)®(Te2k-3),
it follows that p(G) = p(H).
From ®(P{{7 57" %) = ®(Ty1-3)[@(Ty16-1) — 2®(T116-4)], it finally follows that p(H) =
1,k—1,2k—3
P(P1,1,1,2k71 ) L
Lemma 5.9. Let 2 < my <2k —4. Then p(Plljfflf’;,f:l:g) > ,O(Pllj’l’fié}fff}) with equality if and
only if mg =k — 1.

Proof. Let r =mgy — 2 and s = 2k — 4 — my. Without loss of generality we may assume that
mo < k — 1, so that » < s. Then

‘P(P11,’ﬁ2,é2kk:13) = qu)(ﬂ{’igil) — O(T11,)P(T11,s)
= xé(Pfyfl;;El) — 2 [®(P,12) — O(P,)][®(Pyrs) — P(P)].
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Assume that mo < k — 1, so that r < s — 2. It follows that

(P ) = (P E) = 2[®(Pris) — ®(P)][(a% — 2)®(Payr) — 20(Py_y))]
- :L‘[(:E2 - 2)CI)(PT+2) - ZCI)(PT)H(I)(PS—H) - (I)(Ps—l)]
= 2(2® — 4)[D(Pry2)P(Psy) — B(P)D(Puy1)].

Because ®(P,,) = %, one can obtain easily that ® (P, 2)P(Ps_1) > ®(P.)P(Ps4q) for

any r > 2 with equality if and only if » + 1 = s. This implies the desired results. O]
Lemma 5.10. Let n > 15 and 3 < my <n — 7. Then p(Pi’;;Ll) < p(P22771m,127;f__46).

Proof. Let G' = P;ﬂ%f__f for some 3 < my <n-—71.

First, let n = 2k + 5 be odd. In this case, P;gf;; = Pgﬁgﬁrl = H and G’ = Piﬁ%fkk;ll.
Recall from the previous lemma that p(H) is the largest root of ®(To2x—2) — P(To2k-4)-

If my < k — 1, then p(G') > p(Py12,.15) = p(Pyiiiy) = p(@[®(Topn-2) — ®(Tozg-1)]) =
p(H). If K <my <n—7=2k— 2, then subdividing an appropriate number of edges on the

internal paths of G’ gives the graph P; 12 ];7_3%3]“—2. Thus, p(G') > p(Pi 12 ’;;i’?’k_Q). From the
previous lemma we have that p(P;’i?;i’gk_2) = p(H) which implies p(G’) > p(H) in this case

as well. This proves the assertion for n odd.

Next, let n = 2k + 6 be even. If my = n — 7, then G’ is obtained from Pjgf;Ll by
replacing one edge and it follows easily (cf. [4, Thm. 6.4.7]) that p(P; ’Q’ZLL) < p(G"). Assume
finally that me < n —8 = 2k — 2, and let H = Pff’;;il Because n > 2k + 5, it follows

that p(H) > p(P;£;z4). Similar as in the case where n is odd, one can now show that
p(G') > p(H), which finishes the proof. O

Lemma 5.11. Let n > 15 and 2 < my <m3 <n—"7. Then p(Pi’;;Ll) < p(Plljlm,lf’le_’Z—G).
Proof. If my = 2, then Piﬂ%’fz?’ﬁ_ﬁ is obtained from P22’ ﬂff__f by replacing one edge, and as
before, it follows that p(Pf:{fo,ﬁ?’;Z%) > p(P;’fnjf:f). The required result now follows from
the previous lemma. Similarly, the result follows if m3 =n — 7.

Assume now that n = 2k 4+ 5 is odd. Since we may assume that ms < n — 8 = 2k — 3, we
obtain that

1,mz2,ms,n—6 1,ma, 1,ma,2k—3 1,k—1,2k—3 2,n—7
/)(Pl,lm,lily,rrlzs—z ) > p(ﬂﬁ%’lﬁz) > p(Pl,lr,le,Qk—l ) > P(P1,1,1,2k:—1 ) = p(P2,27fn—4)7

among others by using Lemmas 5.9 and 5.8.
Assume next that n = 2k 4+ 6 even. If m3 < n — 9, then similar as above, we obtain that

1,ma,ma,n—6 1,ma, 1,mo,2k—3 1,k—1,2k—3 2,n—8 2,n—7
:0<P1,1m,12,1r,';3—1 ) > p(Pl,T,l%nyf33+2) > P(P1,17Tl12,2k71 ) > :0<P1,1,1,2k71 ) = p(PQ,QTfn—5) > p(P2,£n—4)'

By symmetry, the result follows if mqy > 4.

The only case left is when my = 3 and m3 = n — 8. For this case, we claim that
p(PLLTT0) > p(Palini®), which together with the previous lemma settles the proof.

To prove the claim, we note that by Lemma 2.3, we have that
(PP IA) = ®(Thaa) (P, g) — 2®(Tya1)®(PY, ),
O 10"0") = D(To21)®(PL,_s) — P(Ps) (P, o).
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After working out the technical details, we obtain that

O(Pyins ") = (P "0") = —@(Piy,s) + (2° = 32)@(PY,, ).

by

For z > p(PZ’fiZ’ff) > 2, it follows that
@(P;f;i’ff) - @(Pf,’i’f;i’ff) > _Q)(Pll,’ﬁn—E;) + x¢(P11,7En—9) = (I)(Pll,fn—l(]) > 0,
and the claim follows. O

Theorem 5.12. For n > 18, the graph P;gf,ill 15 the unique minimizer graph with n vertices
and diameter n — 5.

Proof. Let G, denote a minimizer graph with n vertices and diameter n — 5, for n > 18.
Similar as before, we have that

p(Gn) < p(P33,74) < p(Piys) ~ 2.0710.

Thus, by Theorem 2.8, G, is a dagger, a closed quipu, or an open quipu. By the same
arguments as in Theorem 5.7, G, cannot be a dagger or a T-shape tree. If G, is a closed
quipu, then it contains as a subgraph Cy, where s < 10 because the diameter of Gy, is n — 5.
Thus, in that case p(G,) > p(Cs) > p(Cho) ~ 2.0743, which is a contradiction. So G,, must
be an open quipu, but not a T-shape tree.
Similar as before, it follows that G,, is P; ’2”7’;34 or of the form Pf}gﬁ%fjf for some may, or of
1,m2,m3,n—6

the form P; ’17”,127;;1:46 for some mgy, or of the form P77y}, for some my and ms.
However, by Lemmas 2.4, 5.6 (for k = 3,m = n —8), and 2.1, we have that p(Plljﬁf;f:f) >

p(PLYT 520 = p(Py %) > p(Ts53) ~ 2.0743, so G,, cannot be of the form P37 7.

By Lemma 5.10, G,, cannot be of the form Piﬂf;?__f, and by Lemma 5.11, it cannot be of
the form Pll”{n’ﬁ’lﬁg’_’z_ﬁ. Thus, G,, must be P; Q"T_LLL O
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