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Chapter 1

Introduction

In many real-world situations, an agent seeks to minimize a cost or maximize
a reward by taking an optimal action subject to a set of constraints. Such a
problem is called an optimization problem. In this thesis, we analyze a
particular class of optimization problems known as mathematical
optimization problems. In a mathematical optimization problem, we
minimize a real-valued objective function over a feasible region defined by
finitely many constraints.

For unconstrained optimization problems, the two most widely used solution
algorithms are gradient descent and Newton’s method. Both algorithms start
from an initial point and aim to construct a sequence that converges to a
minimizer of the objective function.

o Gradient descent updates the current iterate by moving in the direction
opposite to the gradient of the objective function, aiming to decrease
its value.

« Newton’s method iteratively minimizes second-order (quadratic) Taylor
approximations of the objective function, aiming to move closer to a
minimizer. Note that a quadratic function has a unique minimizer with
a closed-form solution if its Hessian is positive definite.

Under certain assumptions, gradient descent or Newton’s method converges
to a (local) minimizer of the objective function. For example, if the initial
point is sufficiently close to a local minimizer, then Newton’s method
converges quadratically fast to that point.

In this thesis, we study a higher-order Newton method that achieves
improved convergence rates compared to classical gradient descent and
Newton’s method. We then extend this algorithm to solve optimization
problems with constraints.



1.1 Previous research

Nesterov and Polyak (2006 developed a variation of Newton’s method that
incorporates a cubic regularization term into the second-order Taylor
approximation of the objective function at each iteration. They proved that,
similarly to the classical Newton method, the method with cubic
regularization exhibits local quadratic convergence. Moreover, despite the

fact that a minimizer of the subproblem’s objective function need not

be unique and may not have a closed-form solution, |Nesterov and Polyak! (2006)
showed that a global minimizer can be found using linear algebraic techniques.

Lasserre| (2001)) introduced the Lasserre hierarchy, a sequence of semidefinite
programs (SDPs) designed to solve polynomial optimization problems, i.e.,
optimization problems with polynomial objective functions and polynomial
constraints. This work was later extended by Lasserre (2009)) and |De Klerk
and Laurent (2011)). A key result from these papers is that the Lasserre
hierarchy converges in a single step, i.e., the problem can be solved by solving
a single SDP, if the objective function and constraints are SOS-convez.

Ahmadi et al.| (2024) developed a variation of Newton’s method that
minimizes Taylor approximations of order higher than two. Inspired by
Nesterov and Polyak! (2006), they added a regularization term such that the
regularized Taylor approximation becomes an SOS-convex polynomial. They
then applied the Lasserre hierarchy to solve the subproblem. Ahmadi et al.
(2024)) proved that their higher-order Newton method converges locally at a
rate faster than quadratic.

Similar to the higher-order Newton method, Doikov and Nesterov| (2021)) and
Doikov and Nesterovi (2024)) used methods based on tensors of higher-order
derivatives to minimize a composite objective function, i.e., a function that
can be written as the sum of a smooth and a nonsmooth term. Under
convexity and Lipschitz assumptions, their tensor methods achieve local
convergence at a superlinear rate, i.e., faster than linear convergence. It is
worth noting that these papers predate Ahmadi et al.| (2024). A recent paper
by [Zhu and Cartis| (2024)) discusses the SOS-convex regularization techniques
from |Ahmadi et al.| (2024) and analyzes global convergence for general
nonconvex objective functions.

1.2 Organization and contribution

In Chapter [2, we formally define a mathematical optimization problem and
explain the mathematics underlying the gradient descent and Newton’s
method algorithms.



In Chapter 3] we introduce multivariate polynomials and Taylor
approximations. We then present the notions of SOS and SOS-convex
polynomials, and prove some important properties in Chapter @ In
Chapter [5 we present the theory of polynomial optimization from [Lasserre
(2009) and |De Klerk and Laurent| (2011) necessary for our purposes.

In Chapter [6] we discuss theory on algebraically open sets and conic
decompositions of vector spaces, which is essential for proving important
results in Chapter [7], where we present the higher-order Newton method of
Ahmadi et al. (2024) and prove its convergence properties.

Our main contribution is the extension of the higher-order Newton method
to optimization problems with SOS-convex polynomial constraints, which we

present in Section



Chapter 2

Mathematical optimization

2.1 Mathematical optimization problems

We define a mathematical optimization problem as follows.

Definition 2.1 (Mathematical optimization problem). A mathematical
optimization problem is an optimization problem

inf x
inf f(2) (P)

s.t. ¢i(x) <0, ie{l,...,m}

where f, g1, ..., gm are functions on an open domain D C R".

The function f is called the objective function of (P). The conditions
g1 () <0,...,9m (z) <0 are called the constraints. The set of points
satisfying all constraints,

T={x€eD:g(x)<0,...,9m(z) <0},

is called the feasible set or feasible region of (P).
The problem is to find a point z* € T such that

f(a*)=inf{f(x): 2 €T}.




A class of mathematical optimization problems that are relatively easy to
solve is the class of so-called convex optimization problems. A convex
optimization problem is a problem with a convex objective function and
convex constraints.

Definition 2.2 (Convex optimization problem). A convez
optimization problem is an optimization problem

inf f(x)

z€D CVX
s.t. gi(w) <0, ie€{l,...,m} ( )

where f,q1,...,9m : D — R are convex functions on an open convex
domain D C R".

. J

It follows directly that the feasible region of a convex optimization problem is
a convex set.

Theorem 2.1. Let T be the feasible region of (CVX), i.e.,
T={z€D:g1(z) <0,...,9m (z) <0}.

Then, T is a convex set.

\.

Proof. Let x,y € T and X € [0, 1]. Since D is a convex set, we then have
Ax + (1 — A)y € D. Moreover, since ¢y, . .., g, are convex functions, it
follows that, for all ¢ € {1,...,m}, we have

g (Ar+ (1 =N y) <Agi(x) + (1 =A)gi(y) <A-0+(1—-X)-0=0.
Therefore, A\x + (1 — A)y € T'. Hence, T is a convex set. O
The main reason why a convex optimization problem is easier to solve than a

general mathematical optimization problem is that any local minimizer of a
convex optimization problem is automatically a global minimizer.

Theorem 2.2. Assume that (CVX) has a local minimizer z*. Then,
x* is also a global minimizer of (CVX).

Proof. Suppose that z* is not a global minimizer of (CVX). Let T be the
feasible region of (CVX). Then, there exists a y* € T such that

f (") < f(x*). Since T is a convex set, and f a convex function, it follows
that, for all A € [0,1), we have A\z* + (1 — A\) y* € T, and

FAz"+ A =X y") SAf () + (1 =A) fy) < f(a").

However, z* would then not be a local minimizer of (CVX). Hence, if z* is a
local minimizer of (CVX), then z* is also a global minimizer of (CVX). [

8



2.2 Gradient descent and Newton’s method

Consider an unconstrained optimization problem

inf f (),

zeD

where f: D — R is a function on an open domain D C R"™.

Gradient descent and Newton’s method are solution algorithms that start
from an initial point o € D and aim to construct a sequence (xk)zozo that
converges to a (local) minimizer z* of f.

Assuming that f is differentiable, gradient descent updates the current
iterate x; by moving in the direction opposite to the gradient V f. That is,
for some step size t > 0, we set

Tyl = T — tVf ($k) .
We assume that xpq € D. Note that, if Vf (z1) # 0, then there exists a
d > 0 such that, if t <, then f (zg11) < f (2x).

Since Vf (z*) = 0, we terminate the algorithm when ||V f (z4)| < € for some
small tolerance parameter € > 0. When this condition is satisfied, we say that
the algorithm has converged.

Algorithm 2.1: Gradient descent
Input: Objective function f, initial point x, step size t > 0,
tolerance parameter € > (0, maximum number of iterations N
Output: Approximate minimizer of f
for k< 0to N —1do
if ||V f (z1)] < e then
L return x; // Converged

Thy1 < T — tVf (:L‘k)
return zy // Maximum number of iterations reached

\.

Assuming that f is twice continuously differentiable, Newton’s method
updates the current iterate x; by minimizing the second-order Taylor
approximation of f at xy, which is given by the quadratic function

v f ) + (V1 )T @ =)+ 5 (o =) 921 (o) o = ).

We assume that V2f (z;) = 0. Then, this function is minimized by setting

Th+1 = Tk — (V2f (iUk))_l Vi (k).



Algorithm 2.2: Newton’s method
Input: Objective function f, initial point z(, tolerance parameter
£ > 0, maximum number of iterations N
Output: Approximate minimizer of f
for k< 0to N —1do
if ||[Vf (zx)]| < € then
L return z; // Converged

T & x — (V2f (22)) 7 Vf (a3)

return zry // Maximum number of iterations reached

\.

We prove the convergence results of gradient descent and Newton’s method

in Appendix [B]

10



Chapter 3

Multivariate polynomials and
Taylor approximations

3.1 Multi-index notation

Multivariate polynomials of degree at most two, and partial derivatives of
order at most two, are typically expressed in matrix notation. However, for
higher degrees or orders, this approach becomes cumbersome. Therefore, we
instead use multi-inder notation.

We denote the set of nonnegative integers by Ny. That is, Ng = {0,1,2,...}.
We can now define a multi-index.

Definition 3.1 (Multi-index). A multi-indez is a tuple

a=(aq,...,0,) €N{.

We denote the sum of the elements of a multi-index a € Njj by |«|.

Definition 3.2. Let a = (o, ..., a,) € Nj. Then,

We denote the set of multi-indices a € Ny with |a| < d by NJ.

~

Definition 3.3. N} = {a € N} : |o| < d}.

The number of elements of N} is given by the following theorem.

Theorem 3.1. |[N%| = (”zd).

11



Proof. We have
NG| = [{or € Np < o] < d}| = |{(o. k) € Ng* + ol + k= d}|.

Therefore, |N7| is the number of combinations with repetition of d elements
from a set of n + 1 elements. Hence,

N = ((n+1)d+d—1> _ <n:grd>'

We introduce the following notation.

Definition 3.4 (Factorial). Let a = (aq,...,a;,) € Nj. Then,

al =oq! - ayl.

Definition 3.5 (Multinomial coefficient). Let o = (ay,. .., a,) € Ny
with |a] = a3 + -+ + a,, = d. Then,

(0) = (o)

Definition 3.6 (Multi-binomial coefficient). Let oo = (v, ..., ) € N
and v = (v1,...,v,) € N} with v < a, or v; < ay,...,v, < a,. Then,

()= ()

Definition 3.7 (Monomial). Let x = (z1,...,2,) € R" and
a=(a,...,a,) € Nj. Then,

=z

Qn
n -

We can now express the multinomial theorem in multi-index notation.

Theorem 3.2 (Multinomial theorem; e.g., Folland, 2002, Theorem
2.52). For all x = (x4, ...,2,) € R, we have

d
(:U1+-~~—|—xn)d: E ( )xa.
a€Np o
|a|=d

12



We can also generalize the binomial theorem to multivariate cases.

Theorem 3.3 (Multi-binomial theorem; e.g., Saint Raymond, 1991,
Theorem 1.2). For all z,y € R" and o € N}, we have

(03 aQ v, x—v
(z+y)"= > <V>xy .
veN]
v<a

. J

Proof. Let x = (x1,...,2,) € R, y = (y1,...,yn) € R, and

a=(aq,...,a,) € Nj. From the binomial theorem, it then follows that
(+y)" = (o1 +y)™ - (0 +ya)™"
(o5} (e77)
— a1 Vi, 00—Vl |, Qn VUn , ,Olp—Vn
1/12:0 <V1>$1 yl unZ:O (V">$n yn
_ - - [ Qn\ 1y Un, Q1—V1 an—Un
_ZZ xl...xnyl Y
v1=0 vp=0 " Un
a Vv, oa—V
_ ¥ ( )x o
veNp \V
v<a

3.2 Multivariate polynomials

We can now express multivariate polynomials in multi-index notation.

Definition 3.8 (Polynomial). An n-variate polynomial of degree d is a
function p : R™ — R, defined for all x € R™ by

p(x) = ) par®,

aeNY

where (pa)aeNg e R("ZY).

\. J

It follows directly from this definition that the set of n-variate polynomial of
degree d is a vector space.

Theorem 3.4. The set of n-variate polynomials of degree d is an

(“gd)—dimensional vector space with basis

{r—2%:aeN}}.

13



We denote the vector of basic monomials of degree at most d by x — [z],.

Definition 3.9. Let x € R™. Then,

[x]d = (xa)aENg c

It follows directly that an n-variate polynomial of degree d can be uniquely
n+d
represented by a vector ¢ € R("EY,

Corollary 3.4.1. Let p be an n-variate polynomial of degree d. Then,
n+d
there exists a unique ¢ € R("E ) such that, for all x € R™, we have

If d is even, then an n-variate polynomial of degree d can also be represented

("E2)x (")

by a matrix Q € S* 2 2 7. Note that, in general, () is not unique.

Theorem 3.5. Let p be an n-variate polynomial of an even degree d.
n+% n+%

Then, there exists a () € S( 3 )x( 3 ) such that, for all x € R", we

have

d d
)

Proof. Let Q = (qg,y)ﬁﬁENZ €S . For all x € R", we then have

(2] Q[l'd SN g =31 Y S g, |2

BENT, veNT, aeNY | BeNT veNT,
f ? 2 2

N} \

Bty=a

Hence, if Y Y gz, = p, for all @ € N7, then p (z) = [m]g Q [m]g for all

/BGNZ 'yEN’é
2 2

fty=a
xr € R". ]

14



In this thesis, we use the following inner product and norm on a vector space
of polynomials.

Definition 3.10 (Polynomial inner product and norm). We define the
inner product on the vector space V' of n-variate polynomials of degree

d for all p,q € V by
(p.a) = D_ Pata,
aeNY
and the norm on V for all p € V' by

ol = (p.p) = |3 p2.

aeNy

3.3 Partial derivatives

We now express partial derivatives in multi-index notation.

Definition 3.11 (Partial derivative). Let f : D — R” be a d times
partially differentiable function on an open domain D C R™. Then, the
partial derivative D*f of f with respect to a multi-index
a=(a,...,a,) € N7 is defined for all z = (z4,...,2,) € D by

« ahﬂf($> 8ar%”+anf<xlw">$n)
Def () = ore Oz - - - Qaon ‘

For differentiating univariate monomials, we can use the following theorem.

Theorem 3.6 (Power rule). For all z € R and k,l € Ny, we have

o [t k<l
oxk

0 otherwise.

Proof. Let x € R™ and | € Ny. Then, %0—;; = z!. If, for some k € Ny, we have

Ok _ (l_“k)!xl_k if k<l
oxk

0 otherwise,

then

okl o

oxk

8k+1l’l o (akﬂ)

I _ .
7(k_(k+1))!:vl kD) i k41 <1
0 otherwise.

15



Hence, for all k£ € Ny, we have

Ok B (l_”k)!a:l_k if k<l
ork

0 otherwise.

We can generalize the power rule to multivariate cases.

Theorem 3.7 (Multivariate power rule). For all € R™ and
a, B € N, we have

(B—a)!
oz

ool P Boxfe ifa<p
o otherwise.

\.

Proof. Let x = (1,...,2,) € R", a = (ay,...,a,) € Ny, and
B =(B1,...,0n) € Nj. From the univariate power rule, it then follows that,
for all i € {1,...,n}, we have

B L Biai
aalffz . {(ﬁi@ai)!xiﬂ “if o < B

oz 0 otherwise.

Hence,

!

8'0“1’6 B aa1+...+anx/f1 xﬁ” - 8041]/,?1 8"‘":/5&" B {Wﬁa)!xﬁ_a if o < 6

_ _ . =2 1.2 = .
O™ Oxyt -+ 0wy oz Oxp" 0 otherwise.

O

3.4 Taylor approximations

A d times continuously differentiable function f: D — R on an open domain
D C R" can be locally approximated around a point x € D by a polynomial
of degree d, called the d*™-order Taylor approximation of f at x.

Definition 3.12 (Taylor approximation). Let f: D — R be a d times
continuously differentiable function on an open domain D C R™. Then,
the d™-order Taylor approzimation T, 4 : R" — R of f, at a point

x € D, is defined for all y € R™ by

D f (x)

ol

Tx,d (y) = Z

a€eNY

(y —z)".

The remainder R, 4 : R" — R of T} 4 is defined for all y € D by

Rea(y) =f(y) —Tea(y).

16



If the d*®-order partial derivatives of f are Lipschitz continuous (see
Definition [B.1]), then we can find bounds on R, 4.

7

Theorem 3.8 (e.g., Folland| 2002, Section 2.7). Let f : D — R™ be a

d times continuously differentiable function on an open convex domain
D C R". Assume that, for all & € NI} with |«| = d, the function D*f is
Lipschitz continuous with Lipschitz constant L. Let k € {0, ..., d}. For
all o € NJj with |a| =d — k, and z,y € D, we then have

N nkL
D Rea )] € oy = ol

Proof. We prove the theorem by induction on k. Let o € N with |a| = d,
and z,y € D. From the power rule, it then follows that
[} Dﬁf x -« «
DT (y) = S 2L (e pep .
BeNn (5 - a)'
Bza

From the Lipschitz property, it now follows that
DR (y)| = |D*f (y) = DT (y)| = |D*f (y) = D*f (2)] < L |ly — =],

so the theorem is true for £ = 0.

Now, assume that the theorem is true for some k € {0,...,d — 1}. Let
a € NI with |a| = d — k. From the power rule, it then follows that, for all

DCM
z,y € D, we have D°T, 4 (y) = Y _ f(x)' (y — ). Therefore, for all
BENn (6 - a)'
Bz

x € D, we have DT, 4(x) = D*f (x), so D*R, 4 (z) = 0.

Let . = (x1,...,2,) € R" and y = (y1,...,y,) € R™. From the chain rule and
the fundamental theorem of calculus, it then follows that

1 n
R (0 = | [ 3 D% ot 1y ) 0 )
i=1

1 n
S/O Z\Da*efo,d(x+t(y—x)>)\yi—xi|dt
=1

L& tF/nk L k41
S/ 2 WHZ/—xH lyi — 4| dt
=1
</ VL a2 = Yy e
—— |y —= = —x ,
=)o G+nr W k+2)0 "

where the first inequality follows from the triangle inequality, the second
from our induction hypothesis, and third from the Cauchy-Schwarz
inequality. Therefore, the theorem is also true for k + 1.

Hence, the theorem is true for all k € {0,...,d}. O

17



Chapter 4

SOS and SOS-convex

polynomials

4.1 SOS polynomials

In general, determining whether an a polynomial is nonnegative is NP-hard
(e.g., Ahmadi et al., 2024). However, a sufficient condition is that it is a sum
of squares.

Definition 4.1 (SOS polynomial). A polynomial p of an even degree d
is called a sum of squares (SOS) if there exist polynomials ¢y, ..., ¢, of
degree g such that

p=>.¢.
=1

Note that every SOS polynomial is nonnegative. However, not every
nonnegative polynomial is also SOS (e.g., |Ahmadi et al., [2024)).

Recall from Theorem that a polynomial p of an even degree can be
represented by a matrix. Now, p is SOS if and only if it can be represented
by a positive-semidefinite matrix.

Theorem 4.1 (e.g., Ahmadi et al. 2024). An n-variate polynomial p
of an even degree d is SOS if and only if there exists a () > 0 such that,
for all z € R™, we have

18




Proof. =) Assume that p is SOS. Then, there exist n-variate polynomials

qi, - - -, q, of degree % such that p = qu For alli € {1,...,r}, there

| =

n+
exists a unique ¢; € R* 2 7 such that ¢; (z) = ¢, [:L’]% for all z € R™.

Let Q = Z ciciT = 0. For all x € R", we then have
i=1

Assume that there exists a ) = 0 such that p (z) = [$]g Q [z] g for all

s d
% 7 such that Q = > cic; .

=1

x € R™. Then, there exist ¢q,...,¢, €R

For every i € {1,...,r}, let the n-variate polynomial ¢; of degree g be
defined by ¢; (z) = ¢ [7] g for all x € R™. For all x € R", we then have

o) = ] QUoly = o] (Lol | bl

Hence, p is SOS.
O

It follows that we can determine whether a polynomial is SOS by solving a
system of SDP equations (see also the proof of Theorem .

Corollary 4.1.1. An n-variate polynomial p of an even degree d is
SOS if and only if there exists a (¢s,)

a € N}, we have

ByeNn, = 0 such that, for all
2

Do = Z Z 48,y

BENT, yeNT
2 2
Bty=c

The set of SOS polynomials is a convex cone. That is, any nonnegative linear
combination of SOS polynomials is also SOS.

Theorem 4.2. Let V' be the vector space of n-variate polynomials of
an even degree d, and K the set of SOS polynomials in V. Then, K is a
convex cone.

19



d
2

e,

("

d
2

)

(SN

: ("% (2=
Proof. Define the function ¢ : §* 2 — ViorallQeS" 2 2

(v (215 Qely)

2 2

) by

®(Q)
Then, @ is a linear transformation. From Theorem [4.1], it follows that

("y7 ("
2 2

K=a|S,

d
2

)

d d
n+5 n+5
2 2
X
d )
2

i . .
Since S, * is a convex cone, it now follows from Theorem |A.10| that
K is also a convex cone.

The dual cone of the set of SOS polynomials is given by the following
theorem (see also Definition [A.11)).

Theorem 4.3. Let V' be the vector space of n-variate polynomials of

an even degree d, and IC the set of SOS polynomials in V. Then, the
dual cone K* of I is given by

Cr = {3 elV: (8ﬂ+’Y)ﬂ,76NZ b 0}
2

Proof. Let s € V. Then, s* € K if and only if, for all @ = (¢z-)

greny = 0;
2
and p € V defined by p () = [2]4 Q [z]4 for all z € R", we have
2 2
(s,p) = Z SaPa = Z Sa Z Z 4s,~
aeNY aeNy  BeN” yeN7
2 2
B+y=a
= Z Z Sp+14B8,y = <(8ﬁ+'y),377€Nz 7Q> > 0.
BeNT, veNT, 2
2 2
Hence, s € K* if and only if (sg4,)4 Yenn = 0. O

2

Corollary 4.3.1. Let p be an n-variate SOS polynomial of an even
n—+d
d

degree d. For all (ya)aeNg e R("Z) with (Y8++) g renn = 0, we then have
) d
2

> Pala > 0.

aeNy

20



4.2 SOS-convex polynomials

An n-variate polynomial p of an even degree d is convex if and only if, for all
x € R", we have V2p (z) = 0, or y"V?p(2)y > 0 for all y € R™. In general,
determining whether p is convex is NP-hard. (e.g., /Ahmadi et al., [2024)).
However, a sufficient condition is that the polynomial z,y + y'V?p (z)y is
SOS.

7

Definition 4.2 (SOS-convex polynomial). A polynomial p of an even
degree d is called SOS-convex if the polynomial

z,y—y Vp(2)y

is SOS.

Note that every SOS-convex polynomial is convex, hence the name. However,
not every convex polynomial is also SOS-convex (e.g., Ahmadi et al., 2024).
Nevertheless, every convex polynomial of degree two is also SOS-convex.

Theorem 4.4 (e.g., Ahmadi et al 2024). Every convex polynomial of
degree two is also SOS-convex.

Proof. Let p be a n-variate convex polynomial of degree two. Then, there
exist an A = 0, a b € R" and a ¢ € R such that, for all x € R", we have

plx)=xz"Az+b'z+c

Since A = 0, there exists an L € R™ " such that A = LL". For all z,y € R",
we now have

Y Vp(a)y =y  (2A)y =y (2LL7)y=2(LTy) LTy=2|LTy|.
Hence, since the polynomial x,y — 2 HLTyH2 is SOS, p is SOS-convex. n

SOS-convexity is invariant with respect to affine transformations of the
function variables.

Theorem 4.5. Let p be n-variate SOS-convex polynomial of an even
degree d. Then, for all A € R™*" and b € R", the polynomial

x> p(Az +b)

is also SOS-convex.
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Proof. Let A € R™™ and b € R". Since p is SOS-convex, there exist
(n + n)-variate polynomials ¢y, ..., g, of degree g such that, for all u,v € R",

we have vTV2p (u)v = $7_, (g; (u,v))*. For all 2,5 € R”, we now have

r

) y=y AV (Az+b) ATy =" (g (Az + b,ATy))2 :
=1

T [ 0%p(Az +b)
Oz Oz T

so the polynomial z,y +— y ' (%) y is SOS. Hence, the polynomial

z +— p (Az + b) is SOS-convex. O

Determining whether a polynomial is SOS-convex is similar to determining
whether a polynomial is SOS.

Let p be an n-variate polynomial of an even degree d. From the power rule, it
then follows that, for all x € R™ and y = (v1,...,y,) € R", we have

82
yTV?p(:v)yZZZ(é)He > pax )yiyj
T enn

e a! e
ZZ Z —'pa ! Jyzy]

n (a—ei—¢)

" & (B+ei+ey)!
= Z Z ] ’ pﬁ—l—ei—l-ejxﬂyiyj'
i=1j=1BeN"_, p!

The following theorem and corollary now follow directly from Theorem
and Corollary [£.1.1]

Theorem 4.6 (e.g., Ahmadi et al 2024). An n-variate polynomial p
of an even degree d is SOS-convex if and only if there exists a @) = 0
such that, for all z,y € R", we have

)TV (@)y = ([ele, ®) Q([le, ®y).

Corollary 4.6.1. An n-variate polynomial p of an even degree d is
SOS-convex if and only if there exists a

(qui)’('y’j))(ﬂ,i),('y,j)ENZ 1><{1,...,n} =0
g

such that, for all « € N _, and 4,5 € {1,...,n}, we have

(a+e; + ¢€;)!
L parete, = Y D 4G

ol
N7 N7
pe 41 Ve 41

Bty=a
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Similarly to SOS polynomials, the set of SOS-convex polynomials is a convex
cone.

Theorem 4.7. Let V' be the vector space of n-variate polynomials of
an even degree d, and K the set of SOS-convex polynomials in V.
Then, K is a convex cone.

Proof. Let V' be the vector space of (n + n)-variate polynomials of an even
degree d, and K’ the cone of SOS polynomials in V’. Define the function
H:V =V forallpeV by

H(p) = (z,y >y Vp(2)y).
Then, H is a linear transformation. From Theorem [4.6], it follows that
K={peV:H(p)eK}.

Since K’ is a convex cone, it now follows from Theorem that K is also a
convex cone. ]

4.3 Jensen-type inequality

In this section, we show that SOS-convex polynomials satisfy a Jensen-type
inequality. First, we need the following theorem.

Theorem 4.8 (e.g., Helton and Nie, 2010). Let p be an n-variate
SOS-convex polynomial of an even degree d, and let x € R™. Then, the
n-variate polynomial ¢ of degree d, defined for all y € R™ by

a(y)=p(y) —p(2) — (Vp(2)) (y—a),

is SOS.

Proof. From the chain rule and the fundamental theorem of calculus (see also
the proof of the descent lemma in Appendix , it then follows that, for all
y € R™, we have

1
1) = [ (pla+tly—a) = Vp(@) (v —a)d
1 t T
— [ ([ ats-o)-ads) (-
1 gt
- [ [ =27 Vet su—a) @ -a)dsa.
Since p is SOS-convex, there exists a () = 0 such that, for all y € R"™, we have

q(y) Z/OI/Ot ([fv+8(y—x)]g,1®(y—:c))TQ([z+s(y—x)]%71®(y—x)) ds dt.
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From the multi-binomial theorem, it follows that, for all § € N | and
2
i€ {l,...,n}, we have

(et sly—o) i-a)= | 2 (ﬁ>x (s(y =)~ | (i — 1)
veNy
v<p

=> <B> e
veNy
v<p

= Z ( B >571x5’7+6i (y —z)
yenp N\ 7€
ei<y<fB+e;

for all y € R™ and s € [0, 1].

n+g-1 e (™
Define the function C': [0,1] — R( g1 I 5/ for all s € [0,1] by

C(s) = <[€i <y < B +e (7 p eA)SM_lxﬁ_”“i)
¢ (8,9

o i 6N%4><{1 ..... n};’YEN%

For all y € R™, we then have
1 gt
() =ly-a] ([ [ CQC ) dsdt)fy—aly.
and

1 t
/ / C(s)Q(C(s))  dsdt = 0.
0 JO
Hence, ¢ is SOS. O]

It follows that, if an SOS-convex polynomial p that is bounded from below
with lower bound m attains its minimum, then the polynomial p — m is SOS.

Corollary 4.8.1 (e.g., Helton and Nie, |2010). Let p be an SOS-convex
polynomial that is bounded from below with lower bound m. Assume
that p attains its minimum. Then, the polynomial p — m is SOS.

Proof. Let x* be a minimizer of p. Then, p (z*) > m. Since Vp (z*) = 0, it
follows that the polynomial

v p (@) = p(a”) = (Vp(a) (@ —a") = p(x) = p(a”)

is SOS. Hence, the polynomial

p—m=p—p(*)+ (p(x*) —m)
is also SOS. [
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We can now prove the Jensen-type inequality.

Theorem 4.9 (Jensen-type inequality; e.g., Lasserre, 2009). Let p be
an n-variate SOS-convex polynomial of an even degree d. For all
n+d
d

(Yo)aenn € R(":) with yo = 1 and (yﬂﬂ)gﬁeNZ = 0, and

2
r=(21,...,Tn) = Yey,---»Ye, ), We then have

> Pat® < D pala-

aENY aeN?

\.

n+d
Proof. Let (ya)aeNg e R("YY) with Yo = 1 and (Y1) = 0, and let

,B,WEN%
r=(21,...,Zn) = Wey,---»Ye, ) Since p is SOS-convex, the n-variate
polynomial ¢ of degree d, defined by ¢ (z) = p(2) — p(z) — (Vp(2)) (z — z)
for all z € R™, is SOS. For all z = (21,...,2,) € R", we have

n

0 e Tp
Z Gu2™ = Zpazo‘— Zpaxa—z p(ﬁam < )(ZZ—IZ)

aeNy aeNy aeNy i=1

Since ¢ is SOS, yo = 1 and (ys1-) 5 = 0, it now follows from

,YENT
2
Corollary that
n
op(z1,...,x
Z dalYo = Z PaYa — Z Pat™Yo — Z (871) (Ye; — i) -
aeNy aeN? aeN? i=1 i
= Z PaYa — Z Paz® > 0.
aeNy aeNy
Hence, Z Pax® < Z Dala- n
a€N? a€N”
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Chapter 5

Polynomial optimization

5.1 Polynomial optimization problems

In this chapter, we analyze a particular class of mathemaical optimization
problems called polynomial optimization problems. A polynomial
optimization problem is an optimization problem with a polynomial objective
function and polynomial constraints.

Definition 5.1 (Polynomial optimization problem). An n-variate
polynomial optimization problem of degree d is an optimization problem

xIGHIRf" Z fal'
aeNY (P)
st Y giax® <0, 1€{1,....,m}
aeNY
where f and ¢y, ..., g, are n-variate polynomials of degree d.

In general, a polynomial optimization problem is NP-hard (Bellare and
Rogaway], 1995)).
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We assume that d is even. Then, we can reformulate (P) as an SDP with a
rank constraint.

e B

Theorem 5.1 (e.g., Lasserre, 2009). The optimization problem

inf > faYa
(ya)aeNgER( d ) aeNg
s. t. Z GiaYa <0, ie{l,...,m}
aENY
yo =1

(y/B-FV)IB;yeNZ =0

2
rank (y5+7)ﬁﬁeNz =1

2

is equivalent with problem (P).

Proof.=) Let x € R™ and (ya)aeNs

for all 8,7 € N, we have ygy, = 2?7 = 2P . 27, Hence,
2

= [z],. Then, yo = 2° = 1. Moreover,

-
(yﬂ'i"‘f)ﬁ;yeNZ = [x]% [17]% = 0, and rank (yﬂ-&-v)ﬁﬁeNz =1
2 2

n+d .
<= ) Let (ya)aeNg e R(":Y) with Yo =1, (yﬁﬂ)ﬁqug = 0, and
2

n+
d
2

rank (yﬁﬂ)ﬂ:’YGN’& = 1. Then, there exists a z = (ZB)5€N7(§ € R<
2 2

that (y[gjw)ﬁﬁeNZ =z2', 0r yYgiy = 25 - 2, for all B,v € N’%l. For all

2
B,v € N%, we now have
2
Yty =28 2y = 23 2y L =28 2y - Yo = 23 - Zy - Yo+0
=252y 20720 =25 20 2yt 20 = Ypto " Yr40 = Ys " Yy

Let 2 = (z1,...,2Zn) = (Yey - - - Yo, ). For all a = (ay,...,a,) € N? we
then have
(077% :xoél

i — 91 _
Yo = Yoner++anen = yel o yen 1Ty, =T

Hence, (ya)aeNg = [z],.
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Unfortunately, an SDP does not allow a rank constraint. However, if we relax
the rank constraint, we obtain a relaxation of problem (P).

7~

Corollary 5.1.1 (e.g., Lasserre, [2009)). The optimization problem

inf > fala
(ya)aeNSER( d ) aEeNY
S. t. ZgiyayagO, ie{l,...,m}
cen: (SDP)
Yo=1

(yﬁnw)gﬁewé =0

2

is an SDP relaxation of (P).

\. J

The dual problem of (SDP) is called the first-order Lasserre relaxzation of (P)
(e.g., Lasserre], 2009), and is given by the following theorem (see also

Definition |A.15)).

Theorem 5.2 (e.g., Lasserre, |2009). The dual problem of (SDP) is
given by

sup t
teR
>\1 ----- A'mER
- : (Lasserre)
st f—t+) Mg is SOS

i=1
)\120, ZE{L,TI’L}

n-+d

Proof. Let KL = {(ya)aeNg e R("Y) . (Ys++) g yenn = 0}. The Lagrangian L
ENy
of (SDP) is then given for all (ya)aeNg e, A\, o ,Am > 0,and t € R by

L((ya)aeNgv)\l"'w)\Wht) = Z faya+z)‘l Z 9i,aYa +t(1_y0)
=1

aeNY i= aENY

=t Z (fa—[QZO]-t+§:/\igi,a> Yo

a€eN? i=1

From Corollary it follows that, for all A{,...,\,, > 0 and t € R, we
have

t if f—1t+ Aig; is SOS,
inf{L ((ya)aeNg S .,/\m,t) : (ya)aeNg € IC} = it f ; gi 1

—oo otherwise.

Hence, the dual problem of (SDP) is given by (Lasserre). O
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Recall that we can determine whether a polynomial is SOS by solving a

system of SDP equations. Therefore, (Lasserre) can be reformulated as
another SDP.

Let (P)*, (SDP)", and (Lasserre)” be the optimal solution values of problems
(P), (SDP), and (Lasserre) respectively. Since (SDP) is a relaxation of (P),
we then have (SDP)* < (P)". From weak duality (see also Corollary [A.15.1)),
it follows that (Lasserre)” < (SDP)" Hence,

(Lasserre)” < (SDP)" < (P)™,

so (Lasserre) is indeed a relaxation of problem (P).

Lasserre (2009)) and |De Klerk and Laurent| (2011)) provide sufficient
conditions under which the first-order Lasserre relaxation is exact, i.e.,
(Lasserre)” = (P)". In that case,

(Lasserre)” = (SDP)" = (P)",

so the SDP relaxation is also exact. We can then solve (P) by solving (SDP).

5.2 SOS-convex polynomial optimization

A sufficient condition under which we can solve (P) by solving (SDP) is that
(P) is an SOS-convez polynomial optimization problem.

Definition 5.2 (SOS-convex polynomial optimization problem). An
n-variate SOS-convex polynomial optimization problem of an even
degree d is an optimization problem

ian Z fax®
TER™
it SOS-CVX
S. t. Zgi7a93°‘§0, ied{l,...,m} ( )
aeNY
where f and g1, ..., g, are n-variate SOS-convex polynomials of an

even degree d.
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Theorem 5.3. The optimization problem

inf Z falYa

n+d
(ya)aeNSER< d ) aeNg

st > Giaka <0, 1€{l,....,m}
aeNY
Yo =1
<y5+7)577€NZ =0
2

(SOS-CVX-SDP)

is an SDP relaxation of (SOS-CVX).

\. .

An optimal solution to (SOS-CVX-SDP) now yields an optimal solution to
(SOS-CVX).

Theorem 5.4 (e.g., |Lasserre, 2009). Assume that (SOS-CVX-SDP)

has an optimal solution (y;)aeNg. Then,

(SOS-CVX-SDP)* = (SOS-CVX)*,

and z* = (z3,...,2%) = (y;fl, . ,y;“n> is an optimal solution to
(SOS-CVX).
Proof. Since g1, ..., gm are SOS-convex, it follows from the Jensen-type

equality that, for all i € {1,...,m}, we have

3 6iar™ <Y gyl <0.

aeNy aeNy

Therefore, x* is a feasible solution to (SOS-CVX). Since f is also
SOS-convex, it follows from the Jensen-type inequality that

(SOS-CVX-SDP)* < (SOS-CVX)* < Y~ faz™ < Y fays = (SOS-CVX-SDP)*.

aeNy aeNy

Hence, (SOS-CVX-SDP)" = (SOS-CVX)", and z* is an optimal solution to
(SOS-CVX). n
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Chapter 6

Algebraically open sets and
conic decompositions

6.1 Algebraically open sets

Let V' be a finite-dimensional normed vector space, and A C V. Then, a
point x € A is an interior point of A if a ball around z is contained in A, and
A is an open set if every point x € A is an interior point of A.

Definition 6.1 (Open set). Let V be an finite-dimensional normed
vector space, and A C V. A point z € A is then called an interior
point of A if there exists an € > 0 such that, for all y € V with

ly — z|| < e, we have y € A.

The set of interior points of A is denoted by int (A). A is called an
open set if A =int (A).

We can generalize the notion of an open set to all vector spaces using the
notion of an algebraically open set.

Let V be a vector space, and A C V. Then, a point x € A is an algebraic
interior point of A if x lies in the interior of every intersection of A with a
line through z, and A is an algebraically open set if every point x € A is an
algebraic interior point of A.

Definition 6.2 (Algebraically open set). Let V' be a vector space, and
ACV. A point x € A is then called an algebraic interior point of A if,
for all w € V'\ {0}, there exists an ¢ > 0 such that, for all £ € R with
|t| < e, we have x + tu € A.

The set of algebraic interior points of A is denoted by aint (A). A is
called an algebraically open set if A = aint (A).
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Figure 6.1: = € int (A) if a ball around x is contained in A, and = € aint (A)
if x lies in the interior of every intersection of A with a line through .

An equivalent definition of an algebraically open set A is that every
intersection of A with a line through A is an open set.

Theorem 6.1 (e.g., Barvinok, 2002, Definition I1.1.5). Let V' be a
vector space, and A C V. Then, A is an algebraically open set if and
only if, for all z € A and u € V' \ {0}, the set

is open.

{teR:x+tuec A}

Proof. <) Assume that {t € R: 2+ tu € A} is an open set for all z € A

and u € V\{0}. Let s € A, u e V\{0},and I = {t e R: x +tu € A}.
Then, 0 € I, and [ is an open set, so 0 € int (/). Therefore, there exists
an £ > 0 such that, for all t € R with |t| < e, we have t € I, or

x +tu € A. Therefore, x € aint (A). Hence, A is an algebraically open
set.

Assume that A is an algebraically open set. Suppose that there exist an
r€ Aand au €V \ {0}, such that theset I ={t e R: z +tu € A} is
not open. Then, there exists a t € I with ¢ ¢ int (/). Since t € I, we
have x + tu € A. Since t ¢ int (1), it follows that, for all £ > 0, there
exists an s € R with |s — t| < ¢, such that s ¢ I, or

r+su=x+tut(s—t)u¢ A

Therefore, x + tu ¢ aint (A). However, A would then not be an
algebraically open set. Hence, {t € R: z + tu € A} is an open set for
all z € Aand u € V' \ {0}.
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If V is a finite-dimensional normed vector space, then every interior point of
A is also an algebraic interior point of A.

Theorem 6.2. Let V be a finite-dimensional normed vector space,
and A C V. Then,
int (A) C aint (A) .

Proof. Let x € int (A). Then, there exists an € > 0 such that, for all y € R”
with ||y — z|| < e, we have y € A. Let u € V' \ {0}. Then, for all ¢ € R with
lt] < Taf» We have

I(z +tu) — || = [[tul] = [t] lul] <e,
so x +tu € A. Hence, x € aint (A). O

Moreover, if A is a convex set, then the interior and algebraic interior of A
coincide.

Theorem 6.3. Let V be an finite-dimensional normed vector space,
and A C V a convex set. Then,

aint (A) = int (A).

Proof. D) Follows directly from Theorem 6.2

C) Let z € aint (A), and {uy,...,u,} an orthonormal basis of V' (see also
Theorem and Theorem [A.7). Then, for every i € {1,...,n}, there
exists an &; > 0 such that, for all ¢; € R with |t;| < &;, we have
x +tiu; € A.

Let y € R with ||y — z|| < 2eeen) and ¢, ... ¢, € R such that

n

y—x =tu + -+ tyu,. From Corollary [A.8.1] it then follows that,
for all i € {1,...,n}, we have

ntd =t <nlly - ol <min{er,....e.} < e,

so x + nt;u; € A. Therefore, since A is a convex set, we have

i—1 ni4

Hence, x € int (A).
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The requirement that A needs to be a convex set in Theorem is necessary,
as shown by the following example.

Example 6.1. Let A = {(z,y) € R*: |y| > 2*} U{(z,0) : z € R} .
Then, A is not a convex set. We can now show that (0,0) € aint (A),
but (0,0) ¢ int (A).

Figure 6.2: (0,0) € aint (A), but (0,0) ¢ int (A).

Let (u,v) € R2 If u = 0, then (tu,tv) = (0,tv) € A for all t € R. If
v =0, then (tu,tv) = (tu,0) € Afor all t € R. If u %# 0 and v # 0,
then, for all t € R with [t| < 4, we have 2 < 2 5o

[to] = [t] |v] = t® = (tu)®,

o (tu,tv) € A. Hence, (0,0) € aint (A).
Let5>0,t:min{\%, }and z,y) :< %) Then,

{4 5t2 /5t
2+ =< _ e
Iy}l = 2+ <[5 = 5= <

= <,
but (z,y) ¢ A. Hence, (0,0) ¢ int (A).

DN ™
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6.2 Conic decompositions

Let V' be a vector space, and A, B C V. Then, the set of points in V' that
can be written as the sum of a point in A and a point in B is called the
Minkowski sum of A and B. Similarly, the set of points in V' that can be
written as the difference of a point A and a point B is called the Minkowski
difference of A and B.

7

Definition 6.3 (Minkowski sum and difference). Let V' be a vector
space, and let A, B C V. Then, the Minkowski sum A+ B of A and B
is defined as

A+B={a+b:ac Abe B},

and the Minkowski difference A — B of A and B is defined as

A-B={a—-b:ac Abe B}.

Let V be a vector space, and K a cone in V. If aint (K) # (), then every point
in V can be written as the difference of two points in /.

Theorem 6.4 (e.g., Ahmadi and Hall, [2018). Let V' be a vector space,
and IC a cone in V. Assume that aint (IC) # (. Then,

V=K-K.

Proof. D) Trivial.

C) Let v € V, and k € aint (K). Then, there exists an € > 0 such that, for
all t € R with [t| < e, we have k +tv € K. Since k + Sv € K and k € K,

and K is a cone, we have % (k + %’U) € K and gk € K. Hence,
2 2 2 2
v= (k:+v> —k:<k+€v> ~Ckek-K.
€ € € 2 €
L]
The requirement that aint (K) # () in Theorem is necessary. For example,
the set K = {(,0) : x € R} is a cone in R?, but aint (K) = ), and
K—K={(x0):2cR}CR%.

6.3 The cone of SOS-convex polynomials

Let V' be the vector space of n-variate polynomials of an even degree d, and
K the convex cone of SOS-convex polynomials in V. Since V' is a
finite-dimensional vector space, and K a convex set, we then have

aint (K) = int (K) .
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Let p € V. Recall that p € K if and only if there exists a Q > 0 such that
T

y'Vip(z)y = (Mg—1 ® y) Q (Mg—1 ® y) for all z,y € R™. If we can take

Q@ = 0, then p € int (I@)

Theorem 6.5 (e.g., Ahmadi et al. 2024). Let V' be the vector space
of n-variate polynomials of an even degree d, and K the cone of
SOS-convex polynomials in V. Let p € V. Assume that there exists a
Q > 0 such that, for all z,y € R", we have

yTVp () = ([2ls ®y) Q([e]s, ®y).

Then, p € int (l@)

LGl
Proof. Let g € V. Then, there exists a Q' € S* 2! $-1 7" such that, for

all z,y € R™, we have

y' Vg @)y = ([e]s, ® y)T Q ([es_y @)

Since @ > 0, there exists an € > 0 such that, for all ¢ € R with || < &, we
have Q +tQ' > 0, so p + tq € K. Hence, p € aint (I€> = int (I@) O

Corollary 6.5.1. Let V' be the vector space of n-variate polynomials

of an even degree d, and K the cone of SOS-convex polynomials in V.
Then,

int (l@) # 0.

. J

It now follows directly from Theorem [6.4] that every polynomial can be
written as the difference of two SOS-convex polynomials.

Corollary 6.5.2 (e.g., Ahmadi and Hall, |2018). For every polynomial
p, there exist two SOS-convex polynomials ¢; and ¢s such that

P=q —q.

36



Chapter 7

dtP-order Newton method

Newton’s method aims to minimize a function by iteratively minimizing
second-order Taylor approximations. Therefore, a natural idea to improve
upon Newton’s method is to minimize Taylor approximations of a higher
order d > 3. |Ahmadi et al.| (2024)) developed the d"*-order Newton method,
which aims to minimize a function by iteratively minimizing regularized
d™-order Taylor approximations.

7.1 Regularized Taylor approximations

Consider an unconstrained optimization problem
inf
inf f(2),

where f: D — R is a d times continuously differentiable function on an open
domain D C R". Similarly to gradient descent and the classical Newton
method, the d"-order Newton method starts from an initial point zq € D and
aims to construct a sequence (zy),, that converges to a minimizer z* of f.

A natural idea to update the current iterate xj is to minimize the d**-order
Taylor approximation 75, 4 of f at z;. However, there are some issues with
this approach (Ahmadi et al., [2024):

T, 4 might be unbounded from below.

Even if T, 4 is bounded from below, it might not attain its minimum.

A minimizer of T}, 4 might not be unique.

In general, finding a minimizer of T}, 4 is NP-hard.

Therefore, Ahmadi et al. (2024) instead consider a regularized d**-order
Taylor approximation of f at zj, with penalty factor t > 0, given by

z s Ty () +t]o — |7
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where d' is the smallest even number greater than d, ensuring that this
function is a polynomial. The regularization term imposes a penalty on
moving away from xj, where T}, 4 becomes less accurate. Therefore,
minimizing the regularized Taylor approximation is a more conservative
approach than minimizing the Taylor approximation itself.

An important question is how large the penalty factor should be. Since we
can minimize an SOS-convex polynomial by solving an SDP, |Ahmadi et al.
(2024)) select the smallest penalty factor such that the regularized Taylor
approximation is SOS-convex. That is, we solve the optimization problem

min ¢

teR ,

s.t. x> Ty () + ]z — 24" is SOS-convex
t>0.

Note that this problem can be reformulated as an SDP.

7.2 Existence of an SOS-convex regularized
Taylor approximation

To determine whether there always exists a t > 0 such that the polynomial
d/
z Ty a(z) +t]|z — x|

is SOS-convex, we need to introduce a few lemmas.

Lemma 7.1 (Ahmadi et al., 2024). Define the n-variate polynomial p
of an even degree d for all z € R™ by

d
plx)=1+ (2 + 1) ||x||d
Then, there exists a () > 0 such that, for all x € R", we have

p(@) = o} Qlaly.

\.

Note that p is SOS. Therefore, we already know that there exists a @) = 0
such that p (z) = [x]g Q [z] g for all x € R™. However, this lemma states that

we can take @) > 0.

Proof. We prove the lemma by induction on d.

If d =0, then, for all z € R™, we have
p@)=1+1-|z|°=1+1-1= =1-2-1=[z],-2[z],,

and 2 > 0, so the lemma is true for d = 0.
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Now, assume that the lemma is true for some even degree d. Then, there
exists a ) > 0 such that, for all x € R", we have

1+ (;Z + 1) z]|* = [x]gQ [x]g = [w]gﬂ [Cg 8} m%ﬂ'
Let P = diag (((§+1

)) ) > 0. From the multinomial theorem, it
B /7 peNy,|Bl=4+1
then follows that, for all x = (zy,

”$Hd+2 — ( 2

d
5+1
2
:c1+---+xi> =

d
= Z (2;1>x25:[x]g+1 lo O] [:C]§+1'
BeN?

0 P
Bl=§+1

.., x,) € R™ we have

[IsH

d
(5 )

n+
Let A € R( g such that, for all x € R, we have

()it [

For all x € R™ and t € R, we then have

L+t |2 = [e]ay, lQ A] [#]g11

AT tP

Since @ > 0, it follows from Theorem [A.19] that, for all ¢ € R, we have
Q A

AT tP

] > 0 if and only if tP = ATQ 'A. Since P > 0, there exists a
t > % + 2 such that tP = ATQ'A. Then, 0 < %:2 < 1. For all x € R", we
now have

d 442 4+2
H(2+ﬁmW”—2t@+ww”ﬂ+Q—2>

t
d

T (212

- [(L‘] %4_1 (

Q Al [1—22 o7
t AT tP]Jrl ()t ()])kv]d

d a
s+21Q A 1- 272 T
Qt[AT tP]JF[ 0" =0,

so the lemma is also true for d + 2.

and

Hence, the lemma is true for every even degree d.

O
We can now prove the following lemma.

Lemma 7.2 (Ahmadi et al., 2024). Let V' be the vector space of

n-variate polynomials of an even degree d > 2, and K the cone of
SOS-convex polynomials in V. Define p € V for all x € R™ by

d
p () = llzl” + ll=*.

Then, p € int (I@)
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Proof. For all x € R™, we have

Vp () =2z +d =",
V2 (z) =21, +d ||| I, + d(d—2) ||z||* " 2z

Therefore, for all z,y € R™, we have

YTV (a)y = (1 v ||xu“) (21yl1?) +d (d - 2) ] (2Ty)”.

From Lemma [7.1], it follows that there exists a ) > 0 such that, for all
xr € R", we have

d _
Lt 5 2] = [l gy QLalsy -
From Theorem and Corollary [A.I7.1], it now follows that, for all

x,y € R", we have

d i T
(1 11 (2108°) = (1], @ely ) (07 200)
T
= (11 ©9) (@®21,) (s, ®y),
and Q) ® 21, = 0. Since the polynomial
_ 2
vy d(d=2) || (zy)
is SOS, there exists a Q" > 0 such that, for all z,y € R", we have
d 2 T
ad=2) ol (+7y)" = (laley ) @ ([alo_, © ).
For all x,y € R", we now have
-
y'Vp(@)y=([2]s,©y) Q&2L+Q) ([e]s,®y),
and Q ® 21, + Q" = 0. Hence, p € int (I@)
The following theorem now shows that, if V2f (x3) = 0, then there always
exists a ¢ > 0 such that the polynomial
x> Ty a(z) +tzg — de/

is SOS-convex.

Theorem 7.3 (Ahmadi et al. 2024). Let f: D — R be a d > 2 times
continuously differentiable function on an open domain D C R", and
let B C D be a compact set. Assume that V2f (z) > 0 for all z € B.
Then, there exists a ¢t > 0 such that, for all x € B, the polynomial

y = Toa(y) +tlly—=z|,

where d’ is the smallest even number greater than d, is SOS-convex.
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Proof. Since V2f (z) = 0 for all z € B, and B is a compact set, there exists a
§ > 0 such that V2f (x) = 61, for all x € B. For all z € B, u € R" and
s > 0, we now have

Tpa (x + su) = Z ws\alua

aeNY a:
1
=f (x) +s (Vf (x))T U+ iszuTV2 u+ Z \Oz|ua
aeNy
|a|>3
1
=fl@)+s (Vf (:r))T u+t 5s*u” (V2f () = 61, u
+ Z |a| + gSQ ”UH27
aeNY
|| >3
SO
2 1 91 51 .
5$2T$d($ + Su) + ||u|| 572]0( ) + - (Vf (CC))Tu—i— guT (V2f (x) B 5In> u
2 D f ale2 o ,
iy a()'%t+MW+MW
aeNy :
|e[>3

Let V' be the vector space of n-variate polynomials of degree d’, and K’ the
cone of SOS- conveX polynomials in V’. From Lemma [7.2] it then follows that
we |Jul)® + Jlul|* € int (IC’) Therefore, there exists an R > 0 such that, for

all p € V with [|p|| < R, we have u — p (u) + |[ul]* + |u|” € K.
Since B is a compact set, there exists an M > 0 such that, for all x € B, we

have

Daf

= Z < M.
aEN”
|a|>3
Let s = min{l, %}, and z € B. Then,
(6%
HZ |a‘2“§s HZDf < sM < R.
a€eN} a€eN} al
la|>3 la|>3

Therefore, the polynomial

“HZ ‘a'“’ﬂl 17 + )
aeNY
|| >3
is SOS-convex. Since V2f (x) = 61, it follows from Theorem that the
quadratic function
21 21

w2 f @) b o (V@) ut T (V2 (1)~ 6L,) u
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is also SOS-convex. Hence, the polynomial
21 p
W =T o+ su) + Jul

is SOS-convex. For all y € R” and u = % (y — x), we have

5,21 o 51 P
2 (STl + )+ [ull") = Topa () + § <5 ly — 2]

Let t = %Sd}%. Then, for all x € B, the polynomial

y = Tea(y) +tly— |
is SOS-convex. O
If V2f (zx) # 0, then there might not exist a ¢ > 0 such that the polynomial
x> Typa(x)+ 1tz — kad/

is SOS-convex (Ahmadi et al. 2024). Therefore, Ahmadi et al.| (2024) instead
consider the regularized Taylor approximation

1 + '
@ Toa (@) + 5 (8= Auin (V2 (@)) " lle = anll® + ¢l — 2|

where 6 > 0 is a small number, and solve the optimization problem

min ¢

teR 1 N

s.t. x> Ty q(z)+ 3 (5 — Amin (V2f (fﬁk))) |z — ]|+t ||z — x| is SOS-convex
t>0.

We now have
V3£ (ax) + (6= Amin (V2 (21))) " I = 61, = 0,
so there always exists a ¢ > 0 such that the polynomial
2 Toga (2) + 5 (5= Amin (V£ (@0))) e = 2l 4l — )
is SOS-convex. Define the function ¢t : D — R, for all x € D by
t(z) = min {t >0y Toaly) + % (6 = Amin (V2F (@) lly — 2>+t [ly — 2l|” s SOS—ConveX}.
Ahmadi et al.| (2024) then define the function v, 4 : R® — R for all € R™ by
Ve (0) = T (@) + 5 (6= Min (V27 1))l — s+ )z — |

We now wish to set z;41 equal to a minimizer of ¢, 4.
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7.3 Existence of a unique minimizer of the
regularized Taylor approximation

A sufficient condition for a continuous function to have a minimizer is that
the function is coercive.

Definition 7.1 (Coercive function). A function f : R™ — R, is called
coercive if, for all M € R, there exists an R > 0 such that for all
xr € R" with ||z|| > R, we have f (z) > M, or

f(z) = o0 as ||z|| = oo.

Theorem 7.4 (e.g., Beck, 2014, Theorem 2.32). Every continuous and
coercive function has a minimizer.

. J

Proof. Let f:R™ — R be a continuous and coercive function. Since f is
coercive, there exists an R > 0 such that, for all x € R™ with ||z|| > R, we
have f (z) > f(0). Since f is continuous, and the set {x € R" : ||z|| < R} is
compact, it follows from Weierstrass’ theorem that there exists an x* € R”
with ||2*|] < R such that

f(@®) = mf{f (z) : z € R" [lz]| < R}.

For all x € R™ with ||z|| > R, we now have f (z) > f(0) > f(«*). Hence, z*
is a minimizer of f. O]

To prove that v, 4 is coercive, Ahmadi et al.| (2024) use the following
quadrature rule for integration.

Theorem 7.5 (Clenshaw and Curtis, [1960). Let p be a univariate

polynomial of an even degree d > 2. Then, there exist wg, ..., wy > 0

and s, ..., sq € [—1,1], where wy = '~ and sy = —1, such that

/_llp(s) ds = zd:wip (s:) .

=0

The proof is beyond the scope of this thesis.
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Ahmadi et al.| (2024) now prove the following lemma.

Lemma 7.6 (Ahmadi et al., 2024). Let M : R — S™*" be a function,
where the entries of M are univariate polynomials of an even degree
d > 2. Assume that M (s) = 0 for all s € [0,1]. Then,

1 1
/O M (s)ds = 55 M (0).

\. .

Proof. From Theorem [7.5] it follows that there exist wy, ..., wy > 0 and

S0, -.,8q € [—1,1], where wy = ﬁ and sy = —1, such that
s+ 1 d si+1
f =g [ (55 ) as =g war (237)
=0
80+1_ 1
=W °M< 2 >_2(d2—1)M(0)'

The following theorem now shows that 1), 4 has a unique minimizer.

Theorem 7.7 (Ahmadi et al., 2024). Let p be a n-variate convex
polynomial of an even degree d > 4. Assume that there exists an
r € R" such that V?p (z) = 0. Then, p has a unique minimizer.

Proof. Let y € R". Then (see also the proof of Theorem [4.8),
p0)=p@)+ @ @) 0-0+ -0 ([ [ Porsw-maa) v-o
=p(@)+ (Vp(x) (y—2z)+ (y—2) </ /Vpx—i—ts —a:))dsdt)( — ).

The entries of V?p are polynomials of degree d — 2 > 2. Since p is convex, we
have V2p (z + st (y — z)) = 0 for all ¢, s € [0, 1]. Therefore, from Lemma 7.6
it follows that, for all ¢ € [0, 1], we have

1 v?

2((d-2)° -

/()1V2p(x+ts(y—x))ds§



Since V?p (z) = 0, we have p (y) — oo as ||ly|| — oo, so p is coercive. Since p
is a polynomial, it is also continuous. Hence, p has a minimizer x*.

Suppose that p has another minimizer y* # x*. Since p is a convex function,
we then have p (z* +t (y* — 2*)) = p(z*) for all ¢ € [0, 1]. Since p is a
polynomial, we now have p (z* + ¢ (y* — 2*)) = p (z*) for all t € R. However,
as t — 0o, we now have ||z* +t (y* — 2*)|| = oo, but

ple"+t(y" —a")) =p(a") = oo,
so p is now not coercive. Hence, x* is the only minimizer of p. ]

Since V2, 4 (z1) = V2f (21) 4 (6 — Amin (V2f (2)))" L, > 0, it follows
directly that 1,, 4 has a unique minimizer. Therefore, we can set x;1; equal
to the minimizer of v,, 4. We assume that x4, € D.

Algorithm 7.1: d*"-order Newton method
Input: Objective function f, initial point zy, small number § > 0,
tolerance parameter £ > 0, maximum number of iterations N
for k< 0to N —-1do
if ||Vf (zx)]| < € then
L return x; // Converged

function T, 4 (z):
// Taylor approximation
D) (5 - )
t (zg) < min {t >0:x+— Ty, q(z)+ % ((5 — Amin (V2f (xk)))+ ||z — ack||2

Ft|z—z]|? s SOS-convex }

return 3, cnn “

function v, 4 (x):
// Regularized Taylor approximation
L return T, u (z) + & (5 — Awin (V2 (@) " 1z — 2l + ¢ () 1z — |
| Tpq1 < argmin {9),, 4 (z) : x € R"}

return zry // Maximum number of iterations reached
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7.4 Convergence of the d""-order Newton

method
Consider an unconstrained optimization problem
inf f(2),

where f: D — R is a d times continuously differentiable function on an open
domain D C R”. We assume that the d*"-order partial derivatives of f are
Lipschitz continuous.

To determine whether the d™-order Newton method converges, we need the
following lemma.

Lemma 7.8 (Ahmadi et al., 2024). Let f: D — R be a d > 3 times
continuously differentiable function on an open convex domain

D C R™. Assume that f has a local minimizer z* with V2f (z*) = 0,
and that, for all &« € NI with |a| = d, the function D®f is Lipschitz
continuous with Lipschitz constant L. Then, there exists an r > 0 such
that, for all x € D with ||z — 2*|| < r, we have

—_

Vaa (@) = 5V (@).

Proof. From Theorem , it follows that, for all 7,5 € {1,...,n} and z € D,
we have
* * * \ nd_QL * (| d—
1 Dij f (2%) = DijTya (27)| = [DijRea (27)] < =1 (Rl
Therefore,
HV2f (%) — VT, 4 (x*)‘ —0asz — 2"

Hence, there exists an r > 0 such that, for all x € D with ||z — z*|| < r, we have

|V2f (@) = V2Toa ()| < Shain (V2F (27))

1
2

Let z € D with || — z*|| < r. Then,
1
VI (@) = VP Toa (27) 2 5V f (27),
so V2T, 4 (z*) = $V2f (x*). Since, for all y € R", we have

Yo (y) = Toa (y) + 1 (@) ly — 2|,

and the function y — ¢ (z) ||ly — z||* is convex, we have V24, 4 (y) = V2T, 4 (y)
for all y € R™. Hence,

V2ya (1%) = VT, 4 (2*) = ;v"’ f(z).
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It now follows that the d*"-order Newton method converges with order d to a
local minimizer x* of f if the initial point is sufficiently close to =*

Theorem 7.9 (Local convergence with order d of the d'-order
Newton method; Ahmadi et al., [2024). Consider an unconstrained
optimization problem

inf £ (a),

zeD

where f: D — R is a d times continuously differentiable function on an
open convex domain D C R". Assume that f has a local minimizer z*
with V2f (z*) = 0, and that, for all « € N? with |a| = d, the function
D f is Lipschitz continuous with Lipschitz constant L. Then, there
exist an r > 0 and a ¢ > 0 such that, for every sequence (),
obtained by the d™-order Newton method with [|zg — z*|| < r, we have

|zrr — 27| < ellzi — 27|

for all k£ € Nj.

. J

Proof. Since D is an open set, and V2f (z*) = 0, there exists an r; > 0

such that for all z € R", we have x € D, and V2f (x) > 0. From Lemma , it
follows that there exists an 5 > 0 such that, for all x € D with ||z — 2| < o,
we have V2, 4 (2*) = V2 f (z¥).

Let " = min {ry, ro}. Since the set {z € R" : ||z — z*|| < '} C D is compact,
it follows from Theorem that there exists a t* such that ¢ (x) < t* for all
r € R™ with ||l — z*|| < 7.

Let (zy),-, be a sequence obtained by the d"™-order Newton method, and let
k € Np. Assume that ||z — z*|| <r’'. From the chain rule and the
fundamental theorem of calculus, it follows that

1
Vi d (Ths1) — Vidgya (a7) = ( | VP na @+ t o = o) dt) (@hs1 — ).

Since g1 is a minimizer of ¢, 4, we have Vi), 4 (zg+1) = 0. Therefore,

1
Vi @) = = ([ V3o @+t @1 = 7)) dt ) (w11 = 27).
Since 1, 4 is convex, we have V21, 4 (v* +t (241 — z*)) for all ¢ € [0, 1].
From Lemma [7.6], it now follows that

1
2((d-2)° -1

/01 v2¢wk,d ($* +1 (xk-i-l - ZU*)) dt = ) V%/jxk,d ($*) .
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Therefore,

1
IVey,a (27)] = Amin (/0 VA (@ + t (g1 — x*))dt) [k — 2]

1 * *
> @27 1) Amin (V24,0 (2)) 21 = 27
1 % *
> o)™ (V27 @) s = 2]

Hence,

* 4 ((d/ B 2>2 B 1) *
“xk-f—l -z || < A in <v2f (I'*)) ||v¢zk7d (‘T )H :

For all x € R™, we have
Vo (2) = Topa (x) + 1 (24) 2 — ]|
Vibaa (0) = Vo a (2) +t () d [l — 2| T2 (2 — ).
Therefore,
IVt a () < [V Tepa ()] + t (2x) d g — 27| 7"

Since z* is a local minimizer of f, we have Vf (z*) = 0. From Theorem [3.8

it now follows that, for all : € {1,...,n}, we have
|DiTea (27)] = |DiBaya (@7)] < ——— 2w — 2 I

Therefore,

* \/FL x||d
VT a (2] < [

d!
Since ||zx — x*|| < 7', we have ¢ (z)) < t*, and
ek — x*Hd/*l _ | — z*]| if d is odd
e — 2* |5 </ ||oy — 2|4 if d is even.
Therefore,
[baa (@) < —— llee — I+ t*d max {r, 1} [l — ¥
vniL
= ( 7 +t*d max {r',1} | ||ap — 2*°
Hence,
Amin (V2f (z* VndL
|xprr — 2| < ., EH(I;( ';;(:E ))) ( Z‘ + t*d’ max {r’,l}) e — *]|?.
—9?2 1 !

Let

Amin (V2 f (%)) (WL

* g/ /
4((d’—2)2—1) 7l —i—tdmax{r,l}),
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1
and r = min {r’, (%) -t } Then, 7 < 1 so crd <.

Let (z1)—, be a sequence obtained by the d"™-order Newton method with
|xo — *|| < r. If ||zp — 2*|| < r for some k € Ny, then

lzrr — 27| < ellay — || < er? <7

Hence, |lzp — 2*|| <7 <7/, 50 ||zpps — 2¥|| < ¢|jay — 2*||%, for all k € Ny, O

Corollary 7.9.1. Consider an unconstrained optimization problem

inf f(2),
where f: D — R is a d times continuously differentiable function on an
open convex domain D C R"™. Assume that f has a local minimizer z*
with V2f (x) = 0, and that, for all & € N with || = d, the function
D f is Lipschitz continuous with Lipschitz constant L. Then, there
exists an R > 0 such that, for every sequence (z);-, obtained by the
d™-order Newton method with ||zg — z*|| < R, we have

1\ %
law ol < 2R (5)

for all £ € Nj.

\

Proof. From local convergence with order d of the d-order Newton method,
it follows that there exist an r > 0 and a ¢ > 0 such that, for every sequence
(z1)4e, obtained by the d™-order Newton method with ||zg — z*|| < r, we

have ||z1 — 2*|| < ¢||lax — || for all k € Ny,

c

Let R = min {r,é (1)‘“} Then, (2R)"' <1 s0c¢(2R)" < 2R.

Let (zy)5—, be a sequence obtained by the d""-order Newton method with

dk
|lzo —z*|| < R. If ||Jxp — 2*|| < 2R (%) for some k € Ny, then

d
¢ 1 1
lwnss — o) < ellaw —a7|¢ < e (zR (3) ) —cer’(5)  =2r(3)

dk
Hence, ||z — 2*|| < 2R (%) for all £ € Ny. O

dk+1 dk+1
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7.5 Univariate case with d =3

Ahmadi et al. (2024) show that, under some assumptions, the third-order
Newton method for an unconstrained univariate optimization problem has a
closed-form solution for the iterates.

Theorem 7.10 (Ahmadi et al., 2024). Consider an unconstrained

optimization problem
inf f(x),

zel

where f : I — R is a three times continuously differentiable function on
an interval I C R. Let (x),—, be a sequence obtained by the
third-order Newton method.

Let k € Ny. Assume that f” (z;) > 0 and f"” (x)) # 0. Then,

2(f" (zx))?
e 2 F )~ Y
+1 — T e - 1 2 :
€T (f""(zx))
f (k) 12f" (x)

Proof. For all x € R and t > 0, we have

f,/ (xk) (JI _ xk)2

Tops (@) +t (2 —2)* = f () + [ (zk) (v — 23) + 5

f//l (ﬂﬂk)

5 (@ — o)’ +t (z — )"

+

Therefore, for all z,y € R and t > 0, we have

62

55 (Toca @)+t =20 )y = (F7 (o) + £ (@) (@ = m0) + 12t (0 —21)°) o>

_ <f// (25) — M 4+ 12t (fm () +x—xk) )yZ-

48t 24t

For every t > 0, the polynomial

" 2 " 2

is SOS if and only if /" (x) — Y420 > 0, or ¢ > UEDS Therefore, for
every t > 0, the polynomial

r—= Ty 5 () +t(r— mk)4

is SOS-convex if and only if ¢ > (U (@)” Hence,

481" (z,)
_ (" ()"
Y s )

20




For all x € R, we now have

s (2) = J (@) 4 7 ) o — ) + T (o2
7" () s, (" () ‘
SO
e ) " (o 2
Vo 0 = @)+ 17 @00) (@ = ) + T2 0= ? o L o=
20’ ) (2 ) Y
-7 @Sy ey (e tem )
SO
o 2 e =
ka,i’; (IL’) =0 = z=ax,— f,,, (xk:) - (f/”(xk))z .
12" (xk)

Hence, since 1),, 3 is a convex function, it is minimized by setting

2(f" (z))?
b — oy = 2 S0 —
k+1 — T - " 2 :
x (f"" (zy))
f* () 12f"(w)

Below, we provide a visual illustration of an iteration of the third-order
Newton method for an unconstrained univariate optimization problem. At
iteration k + 1, we replace the function f by its third-order Taylor
approximation T, 3 at xy, add a quartic regularization term to obtain the
SOS-convex polynomial 1,, 3 of degree four, and set z;41 equal to the unique
minimizer of i, 3.

—
- Txk,3
ka,.g

\WEATED

(xk’-i-la ¢xk,3 (xk+1))

Figure 7.1: Tllustration of the (k + 1)™ iteration of the third-order Newton
method for an unconstrained univariate optimization problem.
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7.6 Extension to constraints

Ahmadi et al.| (2024) mention that the d*"-order Newton method can easily
be extended to problems with SOS-convex polynomial constraints.

Consider a constrained optimization problem

2 S
st Y giax® <0, ie{l,...,m}
aGNg

where f is a d times continuously differentiable functions on an open domain
D CR" and ¢, ..., g, are n-variate SOS-convex polynomials of degree d.
We assume that

T:{xED: Y graz® <0, ) gm,axQSO}#@.

aeNy aeNy

A natural idea to update the current iterate xj is to solve the optimization
problem

inf wxbd(x)

zeR”
st Y giax® <0, i€{1,....,m},
aeNY
which is an SOS-convex polynomial optimization problem. To prove that this
subproblem always has a unique minimizer, we need to extend Theorem [7.4]
and Theorem to constrained cases.

Theorem 7.11. Let f: R” — R be a continuous and coercive
function, and 7" C R™ a nonempty closed set. Then, there exists an
x* € T such that

f(x*)=inf{f (z) :xz € T}.

Proof. Let xy € T. Since f is coercive, there exists an R > ||z such that,
for all x € R™ with ||z|| > R, we have f (z) > f (z¢). Since f is continuous,
and the set {z € T : ||z|| < R} is compact, it follows from Weierstrass’
theorem that there exists an z* € T' with ||2*|| < R such that

f)=inf{f(x): 2z eT,|z|| <R}.
For all x € T with ||z|| > R, we now have f (z) > f (zo) > f (2*). Hence,

f(x*)=inf{f(z) :xz€T}.

52



Theorem 7.12. Let p be a n-variate convex polynomial of an even
degree d > 4, and T' C R"™ a nonempty closed convex set. Assume that
there exists an z € R™ such that V?p (z) = 0. Then, there exists a
unique z* € T such that

p(z*)=inf{p(x) :z € T}.

\. J

Proof. From the proof of Theorem [7.7], it follows that p is continuous and
coercive. From Theorem [7.11] it now follows that there exists an z* € T such
that

p(x*) =inf{p(z) :z € T}.

Suppose that there exists a y* € T' with y* # z* such that p (y*) = p (z*).
Since p is a convex function, and 7" a convex set, we then have

p(x* +t(y* —a*)) =p(a*) for all t € [0,1]. However, from the proof of
Theorem [7.7] it now follows that p is not coercive. Hence, z* is unique. O

Since the feasible region

{xER”: Z g1.02% <0,..., Z gm@mo‘SO} oT

aeNy aeNy
is nonempty, closed and convex, the subproblem

xgg; l¢xhd(x)

s. t. Z Giaxr® <0, ie€{l,...,m}
aeNT
2
always has a unique minimizer, and we can set x;.1 equal to this minimizer.
We assume that zp,, € D.

Note that, for a minimizer x* of a constrained optimization problem, we need
not have V f (z*) = 0. Therefore, we need different stopping criterion than
|V f (zx)]| < e for some £ > 0.
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For a constrained optimization problem, the Karush-Kuhn-Tucker (KKT)
conditions are necessary conditions for a point x* to be a local minimizer.
For a convex optimization problem, the KKT conditions are also sufficient for
x* to be a global minimizer (Boyd and Vandenberghel 2004).

Theorem 7.13 (Karush-Kuhn-Tucker conditions; e.g., Boyd and
Vandenberghel 2004, Subsection 5.5.3). Consider a constrained
optimization problem

o 1@ ®)
s.t. gi(x) <0, ie{l,...,m}

where f,g1,...,9m : D — R are functions on an open domain D C R".
Assume that (P) has a local minimizer z*. Then, there exist
AL, .- AL, € R such that

fE)+d AV (z*) =0

)\*gl(:c*):?) ie{l,...,m}
gi(z*) <0, ie{l,...,m}
)\;"20 ie{l,...,m}.

Note that the KKT conditions form a system of linear equations and
inequalities. Therefore, we can determine whether a point x* € D satisfies
the KKT conditions by solving an LP.

The constraints of our subproblem ensure that Z Gi.a®y < 0 for all

aeNY
i€{l,...,m}. We now terminate the algorithm when there exist
AL, ...y Am > 0 such that
. . a+te ,
Deﬂf(xk)—i—Z/\i Z (a])ngre]xk <eg je{l,...,n}
i=1 aeN” ’

d—1

ie{l,...,m}.

i Z Gi.aTh
aENS
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Algorithm 7.2: d®-order Newton method with SOS-convex
polynomial constraints

Input: Objective function f, SOS-convex polynomial constraints
91, - - -, gm of degree d, initial point xg, small number § > 0,
tolerance parameter £ > 0, maximum number of iterations N
for k<~ 0to N —1do
// KKT conditions

if {)\1,...,>\m>02

Dejf (xk) + Z )\1 ( Z WW,&J@]‘ xﬁ)

i=1 aeN”?

d—1
Ai Z gi,ax%
a€ENY

return z; // Converged

<eg je{l,...,n}

<e, ie{l,...,m}}#@ then

function T}, 4 (z):
// Taylor approximation
DD[
} 22U (@ — )"
t(zy) ¢ min {t > 0: 2 Ty g (€) + 3 (6= Amin (V2S (@) Iz — 2]
+t|z— kad, is SOS-convex }

return ZQGNQL

function v, 4 (x):
// Regularized Taylor approximation
return 7, q(z) + 1 (0 — Amin (V2 (xk)))+ o — zx|® + ¢ (zk) |z — 2|

Tpt1 ¢ argmin ¢ Y, 4 (x) : z € R, g 91,025 <0,..., E Im,ax® <0
a€eN” a€eN”
2 2

return zry // Maximum number of iterations reached
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Chapter 8

Conclusion

The d™-order Newton method from |Ahmadi et al. (2024) is a variant of
Newton’s method that, at each iteration, minimizes an SOS-convex
regularized d*"-order Taylor approximation. Ahmadi et al.| (2024) have proven
that such a regularized Taylor approximation always exists and has a unique
minimizer. Moreover, both the optimal regularized Taylor approximation and
its minimizer can be found by solving a semidefinite program.

The classical Newton method exhibits local quadratic convergence (i.e.,
convergence of order two) around a local minimizer, whereas the d**-order
Newton method exhibits local convergence of order d. Therefore, in terms of
the number of iterations required for an optimization algorithm to converge,
a higher-order Newton method is preferable to the classical method.

Furthermore, we successfully extended the d""-order Newton method to
optimization problems with SOS-convex polynomial constraints. At each
iteration, we can minimize an SOS-convex regularized Taylor approximation
subject to the problem’s constraints. We have shown that the feasible region
is nonempty and that each subproblem has a unique optimal solution.

8.1 Future research

In this thesis, we were able to extend the higher-order Newton method from
Ahmadi et al.| (2024) to problems with SOS-convex constraints. A natural
idea for more general constraints would be to replace each constraint by
either an SOS-convex regularized Taylor approximation or its affine
approximation. However, ensuring the feasibility of iterates could pose a
challenge.

For the unconstrained d**-order Newton method, local convergence of order d
has been established. Therefore, analyzing whether this result generalizes to
the constrained case presents an interesting direction for future research.
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Ahmadi et al.| (2024]) observed empirically that the basin of attraction around
a local minimizer, i.e., the region in which the initial point must lie for the
algorithm to converge, tends to be larger for a higher-order Newton method
than for the classical method. However, to the best of our knowledge, this
has not yet been theoretically proven.

Lastly, Ahmadi et al.| (2024) proved that the higher-order Newton method
exhibits local convergence for a general objective function with a local
minimizer. Therefore, an interesting question is whether we can achieve
global convergence for a (strongly) convex objective function.
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Appendix A

Linear algebra

A.1 Inner product spaces and normed vector
spaces

Let V' be a vector space. We can then define an inner product on V.

Definition A.1 (Inner product). An inner product on a vector space
V is an operator (-,-) : V' x V — R such that, for all u,v,w € V" and
c € R, we have

o symmetry: (u,v) = (v, u),
o additivity: (u+ v, w) = (u, w) + (v, w),
o homogeneity: (cu,v) = ¢ (u,v),

« positive definiteness: (u,u) > 0, and (u,u) = 0 if and only if u = 0.

A vector space on which an inner product is defined is called an inner
product space.

\.

In this thesis, we use the following inner products on R™ and R™*".

Definition A.2 (Inner product on R"™). The standard inner product on
R™ is defined for all z = (z4,...,2,) € R" and y = (y1,...,yn) € R" by

(T,y) =2y =201+ + Tuln.
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Definition A.3 (Inner product on R™*™). The standard inner
product on R™*™ is defined for all

apnp - Qin buu -+ bin

A= | : | eR™™and B=| : ©| e R

m1 - Gmp bml T bmn

by
<A, B> =tr (ATB) = Z Z aijbij.
i=1 j=1

We can also define a norm on a vector space V.

Definition A.4 (Norm). A norm on a vector space V' is an operator
||| : V' — R such that, for all u,v € V and ¢ € R, we have

« positive definiteness: ||u|| > 0, and ||u|| = 0 if and only if u = 0,
o absolute homogeneity: ||cul| = || ||u]],

o triangle inequality: ||u + v| < [Jul| + ||v]|

A vector space on which a norm is defined is called a normed vector
space.

We use the following norm on an inner product space.

Definition A.5 (Norm on an inner product space). The standard
norm on an inner product space V is defined for all u € V' by

[ull = v/ {u, u).

Positive definiteness and absolute homogeneity of the standard norm on an
inner product space follow directly from symmetry, homogeneity and positive
definiteness of the inner product.

To prove the triangle inequality, we first need the Cauchy-Schwarz inequality.

Theorem A.1 (Cauchy-Schwarz inequality; e.g. Lay et al., 2021,
Section 6.7, Theorem 16). Let V' be an inner product space. For all
u,v € V, we then have

[{w, )| < lul {lo]] -

\.

Proof. Let u,v € V. If v =0, then |(u,v)| = ||u|| ||[v|| = 0.
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Now, assume that v # 0. Then,

? <u  (u,0) (u,v)

{u, v)

(v, 0)

u — (Y

(<u’v>)2 — 2 (<u7v>)2 >0
ol

Therefore, ({u,v))* < [u]|” [[v]|*. Hence, [{u, v)| < |Ju] [[v].

We can now prove the triangle inequality.

Theorem A.2 (Triangle inequality; e.g. [Lay et al., 2021} Section 6.7,
Theorem 17). Let V' be an inner product space. For all u,v € V| we
then have

lw 4ol < Jlull + v

Proof. Let u,v € V. From the Cauchy-Schwarz inequality, it then follows

that )
Ju+ " = (u+v,u+v) = (u,u) + 2 (u,v) + (v,v)

2 2 2
< lull™ + 2 ful ol + lolI™ = full + fol)”
Hence, [ju + vl < [|ul[ + [|v| .

We use the following norms on R™ and R™*".

Definition A.6 (Norm on R"). The Fuclidean norm on R™ is defined
for all x = (z1,...,2,) € R" by

|| = \/<x,x> = \/$%++x%

Definition A.7 (Norm on R"™*"). The spectral norm on R™*™ is
defined for all A € R™*" by

[A]l = Tmax (A) = y/Amax (AT A) = max {||Aul| : w € R", [Jul| =1} .

It can be directly verified that that the spectral norm on R™*" satisfies
positive definiteness and absolute homogeneity.
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We now prove the triangle inequality.

Theorem A.3 (Triangle inequality). For all A, B € R™*"™ we have

|A+ Bl < [|A[l + |1B]| -

Proof. Let A, B € R™*". From the triangle inequality on R™, it then follows
that

|A+ B = max {[|[(A+ B)ul| : u € R", [|Jul| =1}
< max {[|Aul| + || Bu|| : u € R, [|ul| = 1}
< max {||Aul| : v € R", Jul]| = 1} + max {||Bul| : v € R", ||u]| = 1}

= Al + 18]
]

The spectral norm on R™*™ and the Euclidean norm on R" are
submultiplicative.

Theorem A.4 (Submultiplicativity). For all A € R™*™ and z € R",

we have

[ Az]| < [[A]l {|]| -
Proof. Let A € R™*™ and x € R". Then,
A2l = 2T AT Az < A (AT A) [l2l]” = 14 121

Hence, |[Az[| < [|A]l[lz] O

A.2 Orthogonal and orthonormal vectors

Two vectors in an inner product space are called orthogonal if their inner
product equals zero.

Definition A.8 (Orthogonal vectors). Let V' be an inner product
space, and u,v € V. Then, u and v are called orthogonal if

(u,v) = 0.

The following theorem states that nonzero orthogonal vectors are always
linearly independent.

Theorem A.5 (e.g. Lay et al., 2021, Section 6.2, Theorem 4). Let V'
be an inner product space, and uq,...,u, € V. Assume that u,...,u,
are nonzero and orthogonal. Then, uq, ..., u, are linearly independent.
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Proof. Since uy, ..., u, are orthogonal, we have (u;,u;) = 0 for all
i,je{l,...,n} withi# j.

Let ¢1,...,¢, € R such that cyu; + -+ - + cou, = 0. For all i € {1,...,n}, we
then have

<01U1 + -+ CpUnp, uz> = <u17ui> + -+ Cn <U'na ul) = <u7,7ul> = 07

so ¢; = 0. Hence, uy,...,u, are linearly independent. O

Corollary A.5.1. Let V' be an n-dimensional inner product space,
and uq,...,u, € V. Assume that uq,...,u, are nonzero and
orthogonal. Then, the set {uy,...,u,} is a basis of V.

The following theorem states that every finite-dimensional inner product
space has an orthogonal basis.

7

Theorem A.6 (Gram—Schmidt theorem, e.g. Lay et al., 2021}, Section
6.4, Theorem 11). Let {uy,...,u,} be a basis of an inner product
space V. For every i € {1,...,n}, let

<Ui7’U1>U o {wi, Vi-1)

' ' <U1,01> ' <Ui—1avi—1>

Vi—1-

Then, the set {v1,...,v,} is an orthogonal basis of V.

\.

Proof. We prove by induction that, for all i € {1,...,n}, the set {vy,...,v;}
is an orthogonal basis of Span {uy,...,u;}. We have v; = u; # 0, so the set
{v1} is an orthogonal basis of Span {u; }.

Assume that, the set {vy,...,v;} is an orthogonal basis of Span {u;, ..., u;}.
For all j € {1,...,i}, we then have
(Uiy1,v1) (Uit1, Vi)
(Vig1,05) = <Ui+1 s w5 B PN
(v1,v1) (v, vi)
_ (Uiy1,v1) (Wit1, Vi)
- <U1+1,U]> <U1,U1> <Ul?UJ> <Ui;U7L> < Z7U]>
(Uiy1,v;)
= (uit1,0j) — ﬁ (vj, ;) = (Uig1,05) = (Uig,v;) = 0.
VREN}

Hence, vy, ..., v;, v;41 are orthogonal. Since uy, ..., u;, u;11 are linearly

independent, we have
uir1 ¢ Span{uy,...,u;} = Span{vy,...,v;}.
Therefore, v; 11 # 0, and
V1, .oy Vi, Uip1 € Span{uvy, ..., v, w1 b = Span{uq, ..., u;, Uis )

Hence, {v1,...,v;,v;11} is an orthogonal basis of Span {uy,...,u;, u;41}. O
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Vectors in an inner product space are called orthonormal if they are
orthogonal, and their norms equal one.

Definition A.9 (Orthonormal vectors). Let V' be an inner product
space, and uq,...,u, € V. Then, uq,...,u, are called orthonormal if
they are orthogonal, and

lua]l = - - = [lunll = 1.

\. J

Since every finite-dimensional inner product space has an orthogonal basis, it
also has an orthonormal basis.

Theorem A.7. Let {uj,...,u,} be an orthogonal basis of an inner
product space V. Then, the set {”z—iu, ey ”Z—Z”} is an orthonormal
basis of V.

The following theorem now states that we can express the norm of a vector
in an inner product space in terms of its coordinates with respect to an
orthonormal basis.

7

Theorem A.8. Let {uy,...,u,} be an orthonormal basis of an inner
product space V. Let v € V', and ¢4, ...,c, € R such that
v =ciu + -+ cpu,. Then,

loll = et + -+ .

\.

Proof. Since uq,...,u, are orthonormal, it follows that,
9 n 2 n n n n
ol = |3 | = <zu zcjuj> NS s ()
i=1 i=1 j=1 i=1 j=1

n n ) n
=1 1=1 =1
Hence, |[v]| = /3 4+ -+ + 2. O

7

Corollary A.8.1. Let {uy,...,u,} be an orthonormal basis of an
inner product space V. Let v € V', and ¢y,...,¢c, € R such that
v =cu; + -+ cyuy. Then,

el s feal <ol

\. J

Proof. Let i € {1,...,n}. Then, @ < & +---+c = ||v||*,s0 || < ||zf|. O
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A.3 Convex cones

A set K in a vector space V is called a cone if IC is closed under nonnegative
scalar multiplication.

Definition A.10 (Cone). Let V' be a vector space, and I C V. Then,
KC is called a cone if, for all x € I and A > 0, we have

Az e K.

It follows directly that K is a convex cone if and only if K is closed under
nonnegative linear combinations.

Theorem A.9. Let V be a vector space, and K C V. Then, K is a
convex cone if and only if, for all z,y € K and A\, 4 > 0, we have

Az + py € K.

The linear image of a convex cone is also a convex cone.

Theorem A.10. Let V and W be vector spaces, T : V — W a linear
transformation, and I a convex cone in V. Then, T (K) is also a
convex cone.

Proof. Let u,v € T (K) and A, > 0. Then, there exist z,y € K such that
u="T(x) and y =T (y). Since K is a convex cone, we have \x + py € K.
Since 7' is a linear transformation, it now follows that

A+ po = AT () + pT (y) =T (Ne + py) € T (K).

Hence, T'(K) is also a convex cone. O

The reverse is also true.

Theorem A.11. Let V and W be vector spaces, T : V — W a linear
transformation, and £ a convex cone in W. Then, the set

K={ueV:T()eL)

is also a convex cone.

\. .

Proof. Let u,v € K and A\, pt > 0. Then, T'(u) € £ and T (v) € L. Since T is
a linear transformation, and £ a convex cone, we now have

T (Au+ pv) = XT (u) + puT (v) € L,

so A\u + pv € K. Hence, K is also a convex cone. O]
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Let V' be an inner product space, and K C V. Then, the set of points that
have a nonnegative inner product with all points in IC is a convex cone, and
is called the dual cone of K. Note that K itself need not be a cone.

Definition A.11 (Dual cone). Let V' be an inner product space, and
K C V. Then, the set

K*={seV:(s,x) >0 forall z € K}

is called the dual cone of K.

Theorem A.12. The dual cone of a set in an inner product space is a
convex cone.

Proof. Let V' be an inner product space, K C V, and K* the dual cone of K.
Let s,t € K* and A, u > 0. Since s,t € K, it follows that (s,z) > 0 and
(t,z) > 0 for all x € K. Therefore,

(As +ut,z) = A(s,z) +p(t,z) >0

for all z € K, so As + ut € K*. Hence, K* is a convex cone. O

A.4 Conic programming

An optimization problem with a linear objective function and linear
constraints, where we optimize over points in a cone, is called a conic
program.

7

Definition A.12 (Conic program). A conic program is an
optimization problem

inf (C,X)
XeV
s. t. <AZ7X>Sbm ie{l,...,m} (P)

X ek,

where K is a cone in an inner product space V', and where
A, . A,eV, b,....,bp, eRand C e V.
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If K =R, then (P) is called a linear program.

Definition A.13. A linear program (LP) is an optimization problem

inf ¢’z

rxeR”

s.t. Av<b (LP)
x>0,

where A € R™*" b € R™ and ¢ € R"™.

If I =S1*", then (P) is called a semidefinite program.

Definition A.14. A semidefinite program (SDP) is an optimization
problem

Xirslf tr (CX)
e nxn
s.t. tr(A;X)<b;, ie{l,...,m} (SDP)
X =0,

where Aq,..., A, € S™*", by,...,b, € Rand C € S"*".

Linear and semidefinite programs are well-studied classes of optimization
problems, and there exist algorithms that can solve them efficiently to
arbitrary accuracy. Notable examples include the simplex method, the
ellipsoid method and various types of interior-point methods. We do not
study these algorithms in this thesis.

For every conic program, we can define a dual problem.

Definition A.15 (Dual problem). The dual problem to problem (P) is
defined as

sup > uibs
i=1

=1

y; <0, zG{l,,m}

(D)

\.

The dual problem of an LP or an SDP follows directly from this definition.

Theorem A.13. The dual problem to problem (LP) is given by

sup y'b
yeR™
s.t. y'A<ec (LP-D)
y < 0.
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Theorem A.14. The dual problem to problem (SDP) is given by

sup Y yibi
i—1
i—1
y; <0, ie{l,...,m}.

(SDP-D)

\.

It now follows that every feasible solution value of (D) is a lower bound on
the feasible solution values of (P).

Theorem A.15. Let X be a feasible solution to problem (P), and
(y1,---,Ym) a feasible solution to problem (D). Then,

(C,X) > ybi.
il

Proof. Since X € K and C' — > y;4; € K*, we have

=1

0< <C_ZyiAiaX> = (C,X) = > yi (A, X) <(C.X) =D yibs.
i=1 =1

=1

Hence, (C, X) > > yib;.
i=1

Corollary A.15.1 (Weak duality). Let p* be the optimal solution
value of problem (P), and d* the optimal solution value of problem (D)
Then,

p* > d.

67



A.5 Kronecker products

The matrix consisting of the elements of a matrix A € R"™*" multiplied by
the elements of B € RP*? is called the Kronecker product of A and B, and is
denoted by A ® B.

Definition A.16 (Kronecker product). Let
a1 - Aip bii - blq
A= : | eR™"and B= | : D | e RPXY,

Ui - by -+ bpg

Then, the Kronecker product A® B of A and B is defined as

anB s CLlnB

amB - an.B

ajiby - a11b1q ces @l e G1nblq
allbpl T allbpq e alnbpl e alnbpq
amlbll o amlblq e a'mnbll T a'mnblq
_amlbpl o amlbpq T amnbpl T @mnbpq_

The the matrix product and the Kronecker product satisfy a mixed-product
property.

Theorem A.16 (Mixed-product property). For all A € R™*"
B e RP* (C' e R and D € R9*®| we have

(A® B) (C® D) = AC ® BD.

Proof. Let
aip - Qip i o Cy

A= : D | eR™M BERPY C=| : D | e R™" and D € RY*.
aml - Gmn Cnl - Cpr
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Then,

f[a1B -+ a1,B] [et1D --- ci:D
(A B)(C®D) = : : : :

_amlB to amnB CnlD to cnrD

o " _

Z alicﬂBD s Z alicirBD

i=1 i=1

= : : = AC ® BD

n n

Z amicnBD - -+ Z amiCir BD

Li=1 i=1 i

The following theorem now states that the eigenvalues of A ® B are the
eigenvalues of A multiplied by the eigenvalues of B.

Theorem A.17. Let A € R™*™ with eigenvalues Ay, ..., \,, and
B € R™" with eigenvalues 1, ..., u,. Then, the eigenvalues of A ® B

aATe A1y« oy Al «« oy Ay - -+ 5 A

Proof. Let A be an eigenvalue of A with an eigenvector z, and p an
eigenvalue of B with an eigenvector y. From the mixed-product property, it
then follows that

(AB)(z®y)=Ar@Ay= r Q@ uy =\ (zQy).

Hence, A\ is an eigenvalue of A ® B. m

[ Corollary A.17.1. Let A> 0 and B > 0. Then, A® B > 0.

A.6 Schur complements

All Al?

e Rim+n)x(m+n) where Ay is
Ag A22] H

When row-reducing a block matrix [

invertible, we obtain

All A12 ~ Im AI11A12 ~ Im AI11A12
A21 A22 A21 A22 0 A22_A22A1_11A12 .

Here, the matrix Ay — A22A1_11A12 is called the Schur complement of the
matrix All-
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Definition A.17 (Schur complement). Let

lAll A12

c R(m—i—n) X (m+n) )
AZl AZQ

Assume that Aj; is invertible. Then, Agy — A21A1_11A12 is called the
Schur complement of Aj;.

All A12

The following theorem shows that the block matrix
Ay Az

] is similar to

the block diagonal matrix [ 0 Ay — Ay Al Ay

1, and can be directly

verified.

Theorem A.18. Let

E Rm n m--n
[

Assume that Aj; is invertible. Then,

A A _ I, 0| [An 0 I, AﬁlAlz
Ay Ago 1421141_11 I 0 A22_A21A1_11A12 0 /s '

It now follows directly that a block matrix

lAll A12

c S(m—l—n) x (m+n)
A21 A22

is positive-definite if and only if the matrix A;; and its Schur complement
Agy — A21A1_11A12 are positive-definite.

Theorem A.19. Let

E S m--n m-n
‘121 ‘122

All A12

>~ 0 if and only if Ay =0 and Agy >~ A21A1_11A12.
A21 A22

Then, [

Proof. <= ) Assume that A;; = 0 and Ay = A1 Aj' Ao, Then,

[An Alzl

| I 0l [An 0 I, A A
A21 A22

B [1‘12114111 In] [ 0 Agp — ApnAjAsp| | 0 I, ] ~0
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—> ) Assume that An A > 0. Then, A;; = 0, and
Ay Ay
Ay 0 B I, 0] [An Apl [L, —AF A <0
0 Ay — AnAjtAp —Ap A L] |Asr Ax| | O I, ’

50 also Agy = Ay AT Avs.
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Appendix B

Convergence of gradient descent
and Newton’s method

B.1 Gradient descent

Consider an unconstrained optimization problem

inf [ (),

xeD

where f: D — R" is a continuously differentiable function on an open
domain D C R".

We assume that the gradient V f is Lipschitz continuous.

7~

Definition B.1 (Lipschitz continuous function). Let V and W be
normed vector spaces. Then, a function f: D — W on an open
domain D C V is called Lipschitz continuous if there exists an L > 0
such that, for all x,y € D, we have

1f () —f@) <Ly —=z.

It is easy to show that every Lipschitz continuous function is continuous,
hence the name. However, not every continuous function is also Lipschitz
continuous.

To determine when gradient descent converges, we need the following lemma.

Lemma B.1 (Descent lemma; e.g., Beck, 2014, Lemma 4.22). Let
f D — R be a differentiable function on an open convex domain
D C R"™. Assume that Vf is Lipschitz continuous with Lipschitz
constant L. For all x,y € D, we then have

F @) < 7@+ (VF @) o)+ 5 ly .
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Proof. Let x,y € D. From the chain rule and the fundamental theorem of
calculus, it then follows that

1 T
FW=f@= [ (Vfa+tly—a) -
Therefore,
) - 1@ - @ w0 = | [ e+t -0
s/o (Vi@+ty-o) ()|
< [I9F ettt —2) - V@l - ol de
< [ inly el de = £y - 2l

where the first inequality follows from the triangle inequality, the second
from the Cauchy-Schwarz inequality, and the third from the Lipschitz
property. Hence,

F) < 7@+ (V@) o)+ 5y~
O

The following lemma now shows how much the value of the f after a single
iteration.

Lemma B.2 (Sufficient-decrease lemma; e.g., Beck, 2014, Lemma
4.23). Let f: D — R be a differentiable function on an open convex
domain D C R". Assume that V f is Lipschitz continuous with
Lipschitz constant L. For all x € D, and ¢t > 0 with  —tV f (z) € D,
we then have

@) - fa-tvi@) 2t (1-2)Ivs @I,

Proof. Let x € D, and t > 0 with x — tV f () € D. From the descent lemma,
it then follows that

Fla—tVF (@) < £ (0)+ (V (@) (—tVf () + % |-9F (@)
= F@) IV @I+ SE IV @)
1@ -t(1-5) HVf( 2.

Hence,

@) =S =19 @)z (1= 5) 19 @I
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It now follows that gradient descent converges if the step size is sufficiently
small.

Theorem B.3 (Convergence of gradient descent; e.g., Beck| 2014,
Theorem 4.24 and Theorem 4.25). Consider an unconstrained
optimization problem

inf f(z),

z€D
where f: D — R is a continuously differentiable function on an open
convex domain D C R”. Assume that f is bounded from below, and
that Vf is Lipschitz continuous with Lipschitz constant L > 0. For
every sequence (zy),-, obtained by gradient descent with step size
t< %, we then have

Vf(xg) —0ask— oo.

\.

Proof. Let (zy),., be a sequence obtained by gradient descent with step size
< % From the sufficient-decrease lemma, it then follows that, for all
k € Ny, we have

£ = Fne) 2 ¢ (1= 5) 197 @l

Since 0 < t < %, we then have t (1 — %) > (0. Therefore, for all k € Ny, we
have

£ = Fon) 2 ¢ (1= ) 197 @I 20,

50 f (z41) < f (1), and f(2411) = f (x) if and only if V f (zx) = 0. Hence,
the sequence (f (xx)),—, is nonincreasing. Since it is bounded from below, it
is convergent. Therefore,
tL
1— =
2

Hence, Vf (x) — 0 as k — oc. O

0t (1= L) IVF @I < F (00) = f (w2) 0 as b ox.

B.2 Newton’s method

Consider an unconstrained optimization problem

inf [ (),

xzeD

where f: D — R™ is a twice continuously differentiable function on an open
domain D C R".

We assume that the Hessian V2 f is Lipschitz continuous. Then, Newton’s
method converges to a local minimizer z* of f if the initial point is
sufficiently close to z*.
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Theorem B.4 (Local quadratic convergence of Newton’s method; e.g.,
Beck, [2014, Theorem 5.2). Consider an unconstrained optimization
problem

inf f(x),

zeD
where f: D — R" is a twice continuously differentiable function on an
open convex domain D C R™. Assume that f has a local minimizer x*
with V2f (z*) = 0, and that V2f is Lipschitz continuous with Lipschitz
constant L > 0. Then, there exist an r > 0 and a ¢ > 0 such that, for
every sequence (zy),-, obtained by Newton’s method with
|xo — x*|| < r, we have

lzksr — 27| < ¢l — 2|

for all k£ € Nj.

Proof. Since D is an open set, and V2f (z*) = 0, there exist an m > 0 and
an 7’ > 0 such that, for all x € R", we have x € D with || — 2*|| </, and
V2f (z) = ml,.

Let (z1),, be a sequence obtained by the d™-order Newton method, and let
k € Ny. Assume that ||zy — 2*|] < 7’. Since z* is a local minimizer of f, we
have V f (z*) = 0. From the chain rule and the fundamental theorem, it now
follows that

Tpp1 — & =xp — (VQf (xk))_l Vf(xg)—a*
=" = (V3 (@) (VS () = VS (@)
—ap -2~ (Vf (@) /01 V2f (2 + 1 (ax — 7)) (w — ) dt
= (V2 )™ [ (V2 )~ 9 - a) (a0

Since V2f (2) = ml,, we have (V2f (z;))" = L1I,. Hence,

1
ka-i-l - x*H = VQf (xk)>*1 /01 (VQf (xk) _ sz (x* + t(:ck . x*))) (l’k B x*) dtH
/01 (VQf (7x) — Vif (x* +t (zp, — :13*))> (x5, — ¥) dtH

/01 H (vzf (z) — V2f (2% +t (25 — x*))> (zr, — %)

(
< (VQf (l"k)) B
( dt

<

<|(vrea) | [ 92 ) - 92 @t ) 2

<! 1(1 t) Ll *|1? dt L | |7
- — Tp — T =— |z — =z
~mJo k om "k ’

where first and third inequalities follow from Theorem [A.4] the second from
the triangle inequality, and the fourth from the Lipschitz property.
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Let » = min {7"’, 27’”} and ¢ = ﬁ Then, r < %, so cr? <.

Let (z1);, be a sequence obtained by Newton’s method with ||z — z*|| < 7.
If ||z — x*|| < r for some k € Ny, then

l2pr — 2| < el — 2" < e <

Hence, ||z — z*|| < 7, s0 ||zpi1 — ¥ < ¢|jap — 2*||%, for all k € Ny. O

7

Corollary B.4.1 (e.g., Beck, 2014, Theorem 5.2). Consider an
unconstrained optimization problem

inf f(2),
where f: D — R"™ is a twice continuously differentiable function on an
open convex domain D C R"™. Assume that f has a local minimizer z*
with V2f (z*) = 0, and that V2f is Lipschitz continuous with Lipschitz
constant L > 0. Then, there exists an R > 0 such that, for every
sequence (), obtained by Newton’s method with ||zg — 2*|| < R,
we have

1\?
|z — 2°|| < 2R (2)

for all k € Nj.

\.

Proof. From local quadratic convergence of Newton’s method, it follows that
there exist an » > 0 and a ¢ > 0 such that, for every sequence (z),,
obtained by Newton’s method with ||zg — 2*|| < r, we have

e — a*|| < ¢z, — x*||? for all k € Ny.

Let R = min {r, i} Then, 2R < %, SO c(2R)2 < 2R.
Let (z1),e, be a sequence obtained by Newton’s method with ||zg — 2*|| < R.

k
If ||z — 2*|| < 2R (%)2 for some k € Ny, then

2
1\ 1 1
lapst — 2*| < cllzn — 2*|? < c (23 (2> > — c(2R)? (2> Py (2>

2k
Hence, ||z — z*|| < 2R (%) for all £ € Ny. O

2k+1
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