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Chapter 1

Introduction

In many real-world situations, an agent seeks to minimize a cost or maximize
a reward by taking an optimal action subject to a set of constraints. Such a
problem is called an optimization problem. In this thesis, we analyze a
particular class of optimization problems known as mathematical
optimization problems. In a mathematical optimization problem, we
minimize a real-valued objective function over a feasible region defined by
finitely many constraints.
For unconstrained optimization problems, the two most widely used solution
algorithms are gradient descent and Newton’s method. Both algorithms start
from an initial point and aim to construct a sequence that converges to a
minimizer of the objective function.

• Gradient descent updates the current iterate by moving in the direction
opposite to the gradient of the objective function, aiming to decrease
its value.

• Newton’s method iteratively minimizes second-order (quadratic) Taylor
approximations of the objective function, aiming to move closer to a
minimizer. Note that a quadratic function has a unique minimizer with
a closed-form solution if its Hessian is positive definite.

Under certain assumptions, gradient descent or Newton’s method converges
to a (local) minimizer of the objective function. For example, if the initial
point is sufficiently close to a local minimizer, then Newton’s method
converges quadratically fast to that point.
In this thesis, we study a higher-order Newton method that achieves
improved convergence rates compared to classical gradient descent and
Newton’s method. We then extend this algorithm to solve optimization
problems with constraints.
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1.1 Previous research

Nesterov and Polyak (2006) developed a variation of Newton’s method that
incorporates a cubic regularization term into the second-order Taylor
approximation of the objective function at each iteration. They proved that,
similarly to the classical Newton method, the method with cubic
regularization exhibits local quadratic convergence. Moreover, despite the
fact that a minimizer of the subproblem’s objective function need not
be unique and may not have a closed-form solution, Nesterov and Polyak (2006)
showed that a global minimizer can be found using linear algebraic techniques.
Lasserre (2001) introduced the Lasserre hierarchy, a sequence of semidefinite
programs (SDPs) designed to solve polynomial optimization problems, i.e.,
optimization problems with polynomial objective functions and polynomial
constraints. This work was later extended by Lasserre (2009) and De Klerk
and Laurent (2011). A key result from these papers is that the Lasserre
hierarchy converges in a single step, i.e., the problem can be solved by solving
a single SDP, if the objective function and constraints are SOS-convex.
Ahmadi et al. (2024) developed a variation of Newton’s method that
minimizes Taylor approximations of order higher than two. Inspired by
Nesterov and Polyak (2006), they added a regularization term such that the
regularized Taylor approximation becomes an SOS-convex polynomial. They
then applied the Lasserre hierarchy to solve the subproblem. Ahmadi et al.
(2024) proved that their higher-order Newton method converges locally at a
rate faster than quadratic.
Similar to the higher-order Newton method, Doikov and Nesterov (2021) and
Doikov and Nesterov (2024) used methods based on tensors of higher-order
derivatives to minimize a composite objective function, i.e., a function that
can be written as the sum of a smooth and a nonsmooth term. Under
convexity and Lipschitz assumptions, their tensor methods achieve local
convergence at a superlinear rate, i.e., faster than linear convergence. It is
worth noting that these papers predate Ahmadi et al. (2024). A recent paper
by Zhu and Cartis (2024) discusses the SOS-convex regularization techniques
from Ahmadi et al. (2024) and analyzes global convergence for general
nonconvex objective functions.

1.2 Organization and contribution

In Chapter 2, we formally define a mathematical optimization problem and
explain the mathematics underlying the gradient descent and Newton’s
method algorithms.
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In Chapter 3, we introduce multivariate polynomials and Taylor
approximations. We then present the notions of SOS and SOS-convex
polynomials, and prove some important properties in Chapter 4. In
Chapter 5, we present the theory of polynomial optimization from Lasserre
(2009) and De Klerk and Laurent (2011) necessary for our purposes.
In Chapter 6 we discuss theory on algebraically open sets and conic
decompositions of vector spaces, which is essential for proving important
results in Chapter 7, where we present the higher-order Newton method of
Ahmadi et al. (2024) and prove its convergence properties.
Our main contribution is the extension of the higher-order Newton method
to optimization problems with SOS-convex polynomial constraints, which we
present in Section 7.6.
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Chapter 2

Mathematical optimization

2.1 Mathematical optimization problems

We define a mathematical optimization problem as follows.

Definition 2.1 (Mathematical optimization problem). A mathematical
optimization problem is an optimization problem

inf
x∈D

f (x)
s. t. gi (x) ≤ 0, i ∈ {1, . . . ,m}

(P)

where f, g1, . . . , gm are functions on an open domain D ⊆ Rn.
The function f is called the objective function of (P). The conditions
g1 (x) ≤ 0, . . . , gm (x) ≤ 0 are called the constraints. The set of points
satisfying all constraints,

T = {x ∈ D : g1 (x) ≤ 0, . . . , gm (x) ≤ 0} ,

is called the feasible set or feasible region of (P).
The problem is to find a point x∗ ∈ T such that

f (x∗) = inf {f (x) : x ∈ T} .
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A class of mathematical optimization problems that are relatively easy to
solve is the class of so-called convex optimization problems. A convex
optimization problem is a problem with a convex objective function and
convex constraints.

Definition 2.2 (Convex optimization problem). A convex
optimization problem is an optimization problem

inf
x∈D

f (x)
s. t. gi (x) ≤ 0, i ∈ {1, . . . ,m}

(CVX)

where f, g1, . . . , gm : D → R are convex functions on an open convex
domain D ⊆ Rn.

It follows directly that the feasible region of a convex optimization problem is
a convex set.

Theorem 2.1. Let T be the feasible region of (CVX), i.e.,

T = {x ∈ D : g1 (x) ≤ 0, . . . , gm (x) ≤ 0} .

Then, T is a convex set.

Proof. Let x, y ∈ T and λ ∈ [0, 1]. Since D is a convex set, we then have
λx+ (1− λ) y ∈ D. Moreover, since g1, . . . , gm are convex functions, it
follows that, for all i ∈ {1, . . . ,m}, we have

gi (λx+ (1− λ) y) ≤ λgi (x) + (1− λ) gi (y) ≤ λ · 0 + (1− λ) · 0 = 0.

Therefore, λx+ (1− λ) y ∈ T . Hence, T is a convex set.

The main reason why a convex optimization problem is easier to solve than a
general mathematical optimization problem is that any local minimizer of a
convex optimization problem is automatically a global minimizer.

Theorem 2.2. Assume that (CVX) has a local minimizer x∗. Then,
x∗ is also a global minimizer of (CVX).

Proof. Suppose that x∗ is not a global minimizer of (CVX). Let T be the
feasible region of (CVX). Then, there exists a y∗ ∈ T such that
f (y∗) < f (x∗). Since T is a convex set, and f a convex function, it follows
that, for all λ ∈ [0, 1), we have λx∗ + (1− λ) y∗ ∈ T , and

f (λx∗ + (1− λ) y∗) ≤ λf (x∗) + (1− λ) f (y∗) < f (x∗) .

However, x∗ would then not be a local minimizer of (CVX). Hence, if x∗ is a
local minimizer of (CVX), then x∗ is also a global minimizer of (CVX).
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2.2 Gradient descent and Newton’s method

Consider an unconstrained optimization problem

inf
x∈D

f (x) ,

where f : D → R is a function on an open domain D ⊆ Rn.
Gradient descent and Newton’s method are solution algorithms that start
from an initial point x0 ∈ D and aim to construct a sequence (xk)∞

k=0 that
converges to a (local) minimizer x∗ of f .
Assuming that f is differentiable, gradient descent updates the current
iterate xk by moving in the direction opposite to the gradient ∇f . That is,
for some step size t > 0, we set

xk+1 = xk − t∇f (xk) .

We assume that xk+1 ∈ D. Note that, if ∇f (xk) ̸= 0, then there exists a
δ > 0 such that, if t < δ, then f (xk+1) < f (xk).
Since ∇f (x∗) = 0, we terminate the algorithm when ∥∇f (xk)∥ < ε for some
small tolerance parameter ε > 0. When this condition is satisfied, we say that
the algorithm has converged.

Algorithm 2.1: Gradient descent
Input: Objective function f , initial point x0, step size t > 0,

tolerance parameter ε > 0, maximum number of iterations N
Output: Approximate minimizer of f
for k ← 0 to N − 1 do

if ∥∇f (xk)∥ < ε then
return xk // Converged

xk+1 ← xk − t∇f (xk)
return xN // Maximum number of iterations reached

Assuming that f is twice continuously differentiable, Newton’s method
updates the current iterate xk by minimizing the second-order Taylor
approximation of f at xk, which is given by the quadratic function

x 7→ f (xk) + (∇f (xk))⊤ (x− xk) + 1
2 (x− xk)⊤∇2f (xk) (x− xk) .

We assume that ∇2f (xk) ≻ 0. Then, this function is minimized by setting

xk+1 = xk −
(
∇2f (xk)

)−1
∇f (xk) .
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Algorithm 2.2: Newton’s method
Input: Objective function f , initial point x0, tolerance parameter

ε > 0, maximum number of iterations N
Output: Approximate minimizer of f
for k ← 0 to N − 1 do

if ∥∇f (xk)∥ < ε then
return xk // Converged

xk+1 ← xk − (∇2f (xk))−1∇f (xk)
return xN // Maximum number of iterations reached

We prove the convergence results of gradient descent and Newton’s method
in Appendix B.
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Chapter 3

Multivariate polynomials and
Taylor approximations

3.1 Multi-index notation

Multivariate polynomials of degree at most two, and partial derivatives of
order at most two, are typically expressed in matrix notation. However, for
higher degrees or orders, this approach becomes cumbersome. Therefore, we
instead use multi-index notation.
We denote the set of nonnegative integers by N0. That is, N0 = {0, 1, 2, . . . }.
We can now define a multi-index.

Definition 3.1 (Multi-index). A multi-index is a tuple

α = (α1, . . . , αn) ∈ Nn
0 .

We denote the sum of the elements of a multi-index α ∈ Nn
0 by |α|.

Definition 3.2. Let α = (α1, . . . , αn) ∈ Nn
0 . Then,

|α| = α1 + · · ·+ αn.

We denote the set of multi-indices α ∈ Nn
0 with |α| ≤ d by Nn

d .

Definition 3.3. Nn
d = {α ∈ Nn

0 : |α| ≤ d} .

The number of elements of Nn
d is given by the following theorem.

Theorem 3.1. |Nn
d | =

(
n+d

d

)
.
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Proof. We have

|Nn
d | = |{α ∈ Nn

0 : |α| ≤ d}| =
∣∣∣{(α, k) ∈ Nn+1

0 : |α|+ k = d
}∣∣∣ .

Therefore, |Nn
d | is the number of combinations with repetition of d elements

from a set of n+ 1 elements. Hence,

|Nn
d | =

(
(n+ 1) + d− 1

d

)
=
(
n+ d

d

)
.

We introduce the following notation.

Definition 3.4 (Factorial). Let α = (α1, . . . , αn) ∈ Nn
0 . Then,

α! = α1! · · ·αn!.

Definition 3.5 (Multinomial coefficient). Let α = (α1, . . . , αn) ∈ Nn
0

with |α| = α1 + · · ·+ αn = d. Then,(
d

α

)
=
(

d

α1, . . . , αn

)
.

Definition 3.6 (Multi-binomial coefficient). Let α = (α1, . . . , αn) ∈ Nn
0

and ν = (ν1, . . . , νn) ∈ Nn
0 with ν ≤ α, or ν1 ≤ α1, . . . , νn ≤ αn. Then,(
α

ν

)
=
(
α1

ν1

)
· · ·

(
αn

νn

)
.

Definition 3.7 (Monomial). Let x = (x1, . . . , xn) ∈ Rn and
α = (α1, . . . , αn) ∈ Nn

0 . Then,

xα = xα1
1 · · ·xαn

n .

We can now express the multinomial theorem in multi-index notation.

Theorem 3.2 (Multinomial theorem; e.g., Folland, 2002, Theorem
2.52). For all x = (x1, . . . , xn) ∈ Rn, we have

(x1 + · · ·+ xn)d =
∑

α∈N0
|α|=d

(
d

α

)
xα.
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We can also generalize the binomial theorem to multivariate cases.

Theorem 3.3 (Multi-binomial theorem; e.g., Saint Raymond, 1991,
Theorem 1.2). For all x, y ∈ Rn and α ∈ Nn

0 , we have

(x+ y)α =
∑

ν∈Nn
0

ν≤α

(
α

ν

)
xνyα−ν .

Proof. Let x = (x1, . . . , xn) ∈ Rn, y = (y1, . . . , yn) ∈ Rn, and
α = (α1, . . . , αn) ∈ Nn

0 . From the binomial theorem, it then follows that

(x+ y)α = (x1 + y1)α1 · · · (xn + yn)αn

=
α1∑

ν1=0

(
α1

ν1

)
xν1

1 y
α1−ν1
1 · · ·

αn∑
νn=0

(
αn

νn

)
xνn

n y
αn−νn
n

=
α1∑

ν1=0
· · ·

αn∑
νn=0

(
α1

ν1

)
· · ·

(
αn

νn

)
xν1

1 · · ·xνn
n y

α1−ν1
1 · · · yαn−νn

n

=
∑

ν∈Nn
0

ν≤α

(
α

ν

)
xνyα−ν .

3.2 Multivariate polynomials

We can now express multivariate polynomials in multi-index notation.

Definition 3.8 (Polynomial). An n-variate polynomial of degree d is a
function p : Rn → R, defined for all x ∈ Rn by

p (x) =
∑

α∈Nn
d

pαx
α,

where (pα)α∈Nn
d
∈ R(n+d

d ).

It follows directly from this definition that the set of n-variate polynomial of
degree d is a vector space.

Theorem 3.4. The set of n-variate polynomials of degree d is an(
n+d

d

)
-dimensional vector space with basis

{x 7→ xα : α ∈ Nn
d} .
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We denote the vector of basic monomials of degree at most d by x 7→ [x]d.

Definition 3.9. Let x ∈ Rn. Then,

[x]d = (xα)α∈Nn
d
.

It follows directly that an n-variate polynomial of degree d can be uniquely
represented by a vector c ∈ R(n+d

d ).

Corollary 3.4.1. Let p be an n-variate polynomial of degree d. Then,
there exists a unique c ∈ R(n+d

d ) such that, for all x ∈ Rn, we have

p (x) = c⊤ [x]d .

If d is even, then an n-variate polynomial of degree d can also be represented

by a matrix Q ∈ S
(n+ d

2
d
2

)×(n+ d
2

d
2

). Note that, in general, Q is not unique.

Theorem 3.5. Let p be an n-variate polynomial of an even degree d.

Then, there exists a Q ∈ S
(n+ d

2
d
2

)×(n+ d
2

d
2

) such that, for all x ∈ Rn, we
have

p (x) = [x]⊤d
2
Q [x] d

2
.

Proof. Let Q = (qβ,γ)β,γ∈Nn
d
2

∈ S
(n+ d

2
d
2

)×(n+ d
2

d
2

). For all x ∈ Rn, we then have

[x]⊤d
2
Q [x] d

2
=

∑
β∈Nn

d
2

∑
γ∈Nn

d
2

qβ,γx
β+γ =

∑
α∈Nn

d


∑

β∈Nn
d
2

∑
γ∈Nn

d
2

β+γ=α

qβ,γ

xα.

Hence, if
∑

β∈Nn
d
2

∑
γ∈Nn

d
2

β+γ=α

qβ,γ = pα for all α ∈ Nn
d , then p (x) = [x]⊤d

2
Q [x] d

2
for all

x ∈ Rn.
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In this thesis, we use the following inner product and norm on a vector space
of polynomials.

Definition 3.10 (Polynomial inner product and norm). We define the
inner product on the vector space V of n-variate polynomials of degree
d for all p, q ∈ V by

⟨p, q⟩ =
∑

α∈Nn
d

pαqα,

and the norm on V for all p ∈ V by

∥p∥ =
√
⟨p, p⟩ =

√ ∑
α∈Nn

d

p2
α.

3.3 Partial derivatives

We now express partial derivatives in multi-index notation.

Definition 3.11 (Partial derivative). Let f : D → Rn be a d times
partially differentiable function on an open domain D ⊆ Rn. Then, the
partial derivative Dαf of f with respect to a multi-index
α = (α1, . . . , αn) ∈ Nn

d is defined for all x = (x1, . . . , xn) ∈ D by

Dαf (x) = ∂|α|f (x)
∂xα

= ∂α1+···+αnf (x1, . . . , xn)
∂xα1

1 · · · ∂xαn
n

.

For differentiating univariate monomials, we can use the following theorem.

Theorem 3.6 (Power rule). For all x ∈ R and k, l ∈ N0, we have

∂kxl

∂xk
=


l!
(l−k)!x

l−k if k ≤ l

0 otherwise.

Proof. Let x ∈ Rn and l ∈ N0. Then, ∂0xl

∂x0 = xl. If, for some k ∈ N0, we have

∂kxl

∂xk
=


l!
(l−k)!x

l−k if k ≤ l

0 otherwise,

then
∂k+1xl

∂xk+1 = ∂

∂x

(
∂kxl

∂xk

)
=


l!
(k−(k+1))!x

l−(k+1) if k + 1 ≤ l

0 otherwise.
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Hence, for all k ∈ N0, we have

∂kxl

∂xk
=


l!
(l−k)!x

l−k if k ≤ l

0 otherwise.

We can generalize the power rule to multivariate cases.

Theorem 3.7 (Multivariate power rule). For all x ∈ Rn and
α, β ∈ Nn

0 , we have

∂|α|xβ

∂xα
=


β!
(β−α)!x

β−α if α ≤ β

0 otherwise.

Proof. Let x = (x1, . . . , xn) ∈ Rn, α = (α1, . . . , αn) ∈ Nn
0 , and

β = (β1, . . . , βn) ∈ Nn
0 . From the univariate power rule, it then follows that,

for all i ∈ {1, . . . , n}, we have

∂αixβi
i

∂xαi
i

=


βi!
(βi−αi)!x

βi−αi
i if αi ≤ βi

0 otherwise.

Hence,

∂|α|xβ

∂xα
= ∂α1+···+αnxβ1

1 · · ·xβn
n

∂xα1
1 · · · ∂x

αn
n

= ∂α1xβ1
1

∂xα1
1
· · · ∂

αnxβn
n

∂xαn
n

=


β!

(β−α)!x
β−α if α ≤ β

0 otherwise.

3.4 Taylor approximations

A d times continuously differentiable function f : D → R on an open domain
D ⊆ Rn can be locally approximated around a point x ∈ D by a polynomial
of degree d, called the dth-order Taylor approximation of f at x.

Definition 3.12 (Taylor approximation). Let f : D → R be a d times
continuously differentiable function on an open domain D ⊆ Rn. Then,
the dth-order Taylor approximation Tx,d : Rn → R of f , at a point
x ∈ D, is defined for all y ∈ Rn by

Tx,d (y) =
∑

α∈Nn
d

Dαf (x)
α! (y − x)α .

The remainder Rx,d : Rn → R of Tx,d is defined for all y ∈ D by

Rx,d (y) = f (y)− Tx,d (y) .
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If the dth-order partial derivatives of f are Lipschitz continuous (see
Definition B.1), then we can find bounds on Rx,d.

Theorem 3.8 (e.g., Folland, 2002, Section 2.7). Let f : D → Rn be a
d times continuously differentiable function on an open convex domain
D ⊆ Rn. Assume that, for all α ∈ Nn

d with |α| = d, the function Dαf is
Lipschitz continuous with Lipschitz constant L. Let k ∈ {0, . . . , d}. For
all α ∈ Nn

d with |α| = d− k, and x, y ∈ D, we then have

|DαRx,d (y)| ≤
√
nkL

(k + 1)! ∥y − x∥
k+1 .

Proof. We prove the theorem by induction on k. Let α ∈ Nn
d with |α| = d,

and x, y ∈ D. From the power rule, it then follows that

DαTx,d (y) =
∑

β∈Nn
d

β≥α

Dβf (x)
(β − α)! (y − x)β−α = Dαf (x) .

From the Lipschitz property, it now follows that

|DαR (y)| = |Dαf (y)−DαT (y)| = |Dαf (y)−Dαf (x)| ≤ L ∥y − x∥ ,

so the theorem is true for k = 0.
Now, assume that the theorem is true for some k ∈ {0, . . . , d− 1}. Let
α ∈ Nn

d with |α| = d− k. From the power rule, it then follows that, for all

x, y ∈ D, we have DαTx,d (y) =
∑

β∈Nn
d

β≥α

Dαf (x)
(β − α)! (y − x)β−α. Therefore, for all

x ∈ D, we have DαTx,d (x) = Dαf (x), so DαRx,d (x) = 0.
Let x = (x1, . . . , xn) ∈ Rn and y = (y1, . . . , yn) ∈ Rn. From the chain rule and
the fundamental theorem of calculus, it then follows that

|DαRx,d (y)| =
∣∣∣∣∣
∫ 1

0

n∑
i=1

Dα+eiRx,d (x+ t (y − x)) (yi − xi) dt
∣∣∣∣∣

≤
∫ 1

0

n∑
i=1

∣∣∣Dα+eiRx,d (x+ t (y − x))
∣∣∣ |yi − xi| dt

≤
∫ 1

0

n∑
i=1

tk+1
√
nkL

(k + 1)! ∥y − x∥
k+1 |yi − xi| dt

≤
∫ 1

0

tk+1
√
nk+1L

(k + 1)! ∥y − x∥k+2 dt =
√
nk+1L

(k + 2)! ∥y − x∥
k+2 ,

where the first inequality follows from the triangle inequality, the second
from our induction hypothesis, and third from the Cauchy-Schwarz
inequality. Therefore, the theorem is also true for k + 1.
Hence, the theorem is true for all k ∈ {0, . . . , d}.
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Chapter 4

SOS and SOS-convex
polynomials

4.1 SOS polynomials

In general, determining whether an a polynomial is nonnegative is NP-hard
(e.g., Ahmadi et al., 2024). However, a sufficient condition is that it is a sum
of squares.

Definition 4.1 (SOS polynomial). A polynomial p of an even degree d
is called a sum of squares (SOS) if there exist polynomials q1, . . . , qr of
degree d

2 such that

p =
r∑

i=1
q2

i .

Note that every SOS polynomial is nonnegative. However, not every
nonnegative polynomial is also SOS (e.g., Ahmadi et al., 2024).
Recall from Theorem 3.5 that a polynomial p of an even degree can be
represented by a matrix. Now, p is SOS if and only if it can be represented
by a positive-semidefinite matrix.

Theorem 4.1 (e.g., Ahmadi et al., 2024). An n-variate polynomial p
of an even degree d is SOS if and only if there exists a Q ⪰ 0 such that,
for all x ∈ Rn, we have

p (x) = [x]⊤d
2
Q [x] d

2
.
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Proof. =⇒ ) Assume that p is SOS. Then, there exist n-variate polynomials

q1, . . . , qr of degree d
2 such that p =

r∑
i=1

q2
i . For all i ∈ {1, . . . , r}, there

exists a unique ci ∈ R
(n+ d

2
d
2

) such that qi (x) = c⊤
i [x] d

2
for all x ∈ Rn.

Let Q =
r∑

i=1
cic

⊤
i ⪰ 0. For all x ∈ Rn, we then have

p (x) =
r∑

i=1
(qi (x))2 =

r∑
i=1

(
c⊤

i [x] d
2

)2
=

r∑
i=1

[x]⊤d
2
cic

⊤
i [x] d

2

= [x]⊤d
2

(
r∑

i=1
cic

⊤
i

)
[x] d

2
= [x]⊤d

2
Q [x] d

2
.

⇐= ) Assume that there exists a Q ⪰ 0 such that p (x) = [x]⊤d
2
Q [x] d

2
for all

x ∈ Rn. Then, there exist c1, . . . , cr ∈ R
(n+ d

2
d
2

) such that Q =
r∑

i=1
cic

⊤
i .

For every i ∈ {1, . . . , r}, let the n-variate polynomial qi of degree d
2 be

defined by qi (x) = c⊤
i [x] d

2
for all x ∈ Rn. For all x ∈ Rn, we then have

p (x) = [x]⊤d
2
Q [x] d

2
= [x]⊤d

2

(
r∑

i=1
cic

⊤
i

)
[x] d

2

=
r∑

i=1
[x]⊤d

2
cic

⊤
i [x] d

2
=

r∑
i=1

(
c⊤

i [x] d
2

)2
.

Hence, p is SOS.

It follows that we can determine whether a polynomial is SOS by solving a
system of SDP equations (see also the proof of Theorem 3.5).

Corollary 4.1.1. An n-variate polynomial p of an even degree d is
SOS if and only if there exists a (qβ,γ)β,γ∈Nn

d
2

⪰ 0 such that, for all

α ∈ Nn
d , we have

pα =
∑

β∈Nn
d
2

∑
γ∈Nn

d
2

β+γ=α

qβ,γ.

The set of SOS polynomials is a convex cone. That is, any nonnegative linear
combination of SOS polynomials is also SOS.

Theorem 4.2. Let V be the vector space of n-variate polynomials of
an even degree d, and K the set of SOS polynomials in V . Then, K is a
convex cone.
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Proof. Define the function Φ : S(n+ d
2

d
2

)×(n+ d
2

d
2

)
→ V for all Q ∈ S

(n+ d
2

d
2

)×(n+ d
2

d
2

) by

Φ (Q) =
(
x 7→ [x]⊤d

2
Q [x] d

2

)
.

Then, Φ is a linear transformation. From Theorem 4.1, it follows that

K = Φ

S(n+ d
2

d
2

)×(n+ d
2

d
2

)
+

 .

Since S
(n+ d

2
d
2

)×(n+ d
2

d
2

)
+ is a convex cone, it now follows from Theorem A.10 that

K is also a convex cone.

The dual cone of the set of SOS polynomials is given by the following
theorem (see also Definition A.11).

Theorem 4.3. Let V be the vector space of n-variate polynomials of
an even degree d, and K the set of SOS polynomials in V . Then, the
dual cone K∗ of K is given by

K∗ =
{
s ∈ V : (sβ+γ)β,γ∈Nn

d
2

⪰ 0
}
.

Proof. Let s ∈ V . Then, s∗ ∈ K if and only if, for all Q = (qβ,γ)β,γ∈Nn
d
2

⪰ 0,

and p ∈ V defined by p (x) = [x]⊤d
2
Q [x] d

2
for all x ∈ Rn, we have

⟨s, p⟩ =
∑

α∈Nn
d

sαpα =
∑

α∈Nn
d

sα

∑
β∈Nn

d
2

∑
γ∈Nn

d
2

β+γ=α

qβ,γ

=
∑

β∈Nn
d
2

∑
γ∈Nn

d
2

sβ+γqβ,γ =
〈

(sβ+γ)β,γ∈Nn
d
2

, Q

〉
≥ 0.

Hence, s ∈ K∗ if and only if (sβ+γ)β,γ∈Nn
d
2

⪰ 0.

Corollary 4.3.1. Let p be an n-variate SOS polynomial of an even
degree d. For all (yα)α∈Nn

d
∈ R(n+d

d ) with (yβ+γ)β,γ∈Nn
d
2

⪰ 0, we then have

∑
α∈Nn

d

pαyα ≥ 0.
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4.2 SOS-convex polynomials

An n-variate polynomial p of an even degree d is convex if and only if, for all
x ∈ Rn, we have ∇2p (x) ⪰ 0, or y⊤∇2p (x) y ≥ 0 for all y ∈ Rn. In general,
determining whether p is convex is NP-hard. (e.g., Ahmadi et al., 2024).
However, a sufficient condition is that the polynomial x, y 7→ y⊤∇2p (x) y is
SOS.

Definition 4.2 (SOS-convex polynomial). A polynomial p of an even
degree d is called SOS-convex if the polynomial

x, y 7→ y⊤∇2p (x) y

is SOS.

Note that every SOS-convex polynomial is convex, hence the name. However,
not every convex polynomial is also SOS-convex (e.g., Ahmadi et al., 2024).
Nevertheless, every convex polynomial of degree two is also SOS-convex.

Theorem 4.4 (e.g., Ahmadi et al., 2024). Every convex polynomial of
degree two is also SOS-convex.

Proof. Let p be a n-variate convex polynomial of degree two. Then, there
exist an A ⪰ 0, a b ∈ Rn and a c ∈ R such that, for all x ∈ Rn, we have

p (x) = x⊤Ax+ b⊤x+ c.

Since A ⪰ 0, there exists an L ∈ Rn×n such that A = LL⊤. For all x, y ∈ Rn,
we now have

y⊤∇2p (x) y = y⊤ (2A) y = y⊤
(
2LL⊤

)
y = 2

(
L⊤y

)⊤
L⊤y = 2

∥∥∥L⊤y
∥∥∥2
.

Hence, since the polynomial x, y 7→ 2
∥∥∥L⊤y

∥∥∥2
is SOS, p is SOS-convex.

SOS-convexity is invariant with respect to affine transformations of the
function variables.

Theorem 4.5. Let p be n-variate SOS-convex polynomial of an even
degree d. Then, for all A ∈ Rm×n and b ∈ Rn, the polynomial

x 7→ p (Ax+ b)

is also SOS-convex.
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Proof. Let A ∈ Rm×n and b ∈ Rn. Since p is SOS-convex, there exist
(n+ n)-variate polynomials q1, . . . , qr of degree d

2 such that, for all u, v ∈ Rn,
we have v⊤∇2p (u) v = ∑r

i=1 (qi (u, v))2. For all x, y ∈ Rn, we now have

y⊤
(
∂2p (Ax+ b)
∂x ∂x⊤

)
y = y⊤A∇2p (Ax+ b)A⊤y =

r∑
i=1

(
qi

(
Ax+ b, A⊤y

))2
,

so the polynomial x, y 7→ y⊤
(

∂2p(Ax+b)
∂x ∂x⊤

)
y is SOS. Hence, the polynomial

x 7→ p (Ax+ b) is SOS-convex.

Determining whether a polynomial is SOS-convex is similar to determining
whether a polynomial is SOS.
Let p be an n-variate polynomial of an even degree d. From the power rule, it
then follows that, for all x ∈ Rn and y = (y1, . . . , yn) ∈ Rn, we have

y⊤∇2p (x) y =
n∑

i=1

n∑
j=1

 ∂2

∂xei+ej

∑
α∈Nn

d

pαx
α

 yiyj

=
n∑

i=1

n∑
j=1

∑
α∈Nn

d

α≥ei+ej

α!
(α− ei − ej)!

pαx
α−ei−ejyiyj

=
n∑

i=1

n∑
j=1

∑
β∈Nn

d−2

(β + ei + ej)!
β! pβ+ei+ej

xβyiyj.

The following theorem and corollary now follow directly from Theorem 4.1
and Corollary 4.1.1.

Theorem 4.6 (e.g., Ahmadi et al., 2024). An n-variate polynomial p
of an even degree d is SOS-convex if and only if there exists a Q ⪰ 0
such that, for all x, y ∈ Rn, we have

y⊤∇2p (x) y =
(
[x] d

2 −1 ⊗ y
)⊤
Q
(
[x] d

2 −1 ⊗ y
)
.

Corollary 4.6.1. An n-variate polynomial p of an even degree d is
SOS-convex if and only if there exists a(

q(β,i),(γ,j)
)

(β,i),(γ,j)∈Nn
d
2 −1

×{1,...,n}
⪰ 0

such that, for all α ∈ Nn
d−2 and i, j ∈ {1, . . . , n}, we have

(α + ei + ej)!
α! pα+ei+ej

=
∑

β∈Nn
d
2 −1

∑
γ∈Nn

d
2 −1

β+γ=α

q(β,i),(γ,j).
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Similarly to SOS polynomials, the set of SOS-convex polynomials is a convex
cone.

Theorem 4.7. Let V be the vector space of n-variate polynomials of
an even degree d, and K̃ the set of SOS-convex polynomials in V .
Then, K̃ is a convex cone.

Proof. Let V ′ be the vector space of (n+ n)-variate polynomials of an even
degree d, and K′ the cone of SOS polynomials in V ′. Define the function
H : V 7→ V ′ for all p ∈ V by

H (p) =
(
x, y 7→ y⊤∇2p (x) y

)
.

Then, H is a linear transformation. From Theorem 4.6, it follows that

K̃ = {p ∈ V : H (p) ∈ K′} .

Since K′ is a convex cone, it now follows from Theorem A.11 that K̃ is also a
convex cone.

4.3 Jensen-type inequality

In this section, we show that SOS-convex polynomials satisfy a Jensen-type
inequality. First, we need the following theorem.

Theorem 4.8 (e.g., Helton and Nie, 2010). Let p be an n-variate
SOS-convex polynomial of an even degree d, and let x ∈ Rn. Then, the
n-variate polynomial q of degree d, defined for all y ∈ Rn by

q (y) = p (y)− p (x)− (∇p (x))⊤ (y − x) ,

is SOS.

Proof. From the chain rule and the fundamental theorem of calculus (see also
the proof of the descent lemma in Appendix B), it then follows that, for all
y ∈ Rn, we have

q (y) =
∫ 1

0
(∇p (x+ t (y − x))−∇p (x))⊤ (y − x) dt

=
∫ 1

0

(∫ t

0
∇2p (x+ s (y − x)) (y − x) ds

)⊤
(y − x) dt

=
∫ 1

0

∫ t

0
(y − x)⊤∇2p (x+ s (y − x)) (y − x) ds dt.

Since p is SOS-convex, there exists a Q ⪰ 0 such that, for all y ∈ Rn, we have

q (y) =
∫ 1

0

∫ t

0

(
[x+ s (y − x)] d

2 −1 ⊗ (y − x)
)⊤

Q
(
[x+ s (y − x)] d

2 −1 ⊗ (y − x)
)
ds dt.
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From the multi-binomial theorem, it follows that, for all β ∈ Nn
d
2 −1 and

i ∈ {1, . . . , n}, we have

(x+ s (y − x))β (yi − xi) =

∑
ν∈Nn

0
ν≤β

(
β

ν

)
xν (s (y − x))β−ν

 (yi − xi)

=
∑

ν∈Nn
0

ν≤β

(
β

ν

)
s|β|−|ν|xν (y − x)β−ν+ei

=
∑

γ∈Nn
0

ei≤γ≤β+ei

(
β

γ − ei

)
s|γ|−1xβ−γ+ei (y − x)γ

for all y ∈ Rn and s ∈ [0, 1].

Define the function C : [0, 1]→ R
(n+ d

2 −1
d
2 −1 )n×(n+ d

2
d
2

) for all s ∈ [0, 1] by

C (s) =
(

[ei ≤ γ ≤ β + ei]
(

β

γ − ei

)
s|γ|−1xβ−γ+ei

)
(β,i)∈Nn

d
2 −1

×{1,...,n},γ∈Nn
d
2

.

For all y ∈ Rn, we then have

q (y) = [y − x]⊤d
2

(∫ 1

0

∫ t

0
C (s)Q (C (s))⊤ ds dt

)
[y − x] d

2
,

and ∫ 1

0

∫ t

0
C (s)Q (C (s))⊤ ds dt ⪰ 0.

Hence, q is SOS.

It follows that, if an SOS-convex polynomial p that is bounded from below
with lower bound m attains its minimum, then the polynomial p−m is SOS.

Corollary 4.8.1 (e.g., Helton and Nie, 2010). Let p be an SOS-convex
polynomial that is bounded from below with lower bound m. Assume
that p attains its minimum. Then, the polynomial p−m is SOS.

Proof. Let x∗ be a minimizer of p. Then, p (x∗) ≥ m. Since ∇p (x∗) = 0, it
follows that the polynomial

x 7→ p (x)− p (x∗)− (∇p (x∗))⊤ (x− x∗) = p (x)− p (x∗)

is SOS. Hence, the polynomial

p−m = p− p (x∗) + (p (x∗)−m)

is also SOS.
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We can now prove the Jensen-type inequality.

Theorem 4.9 (Jensen-type inequality; e.g., Lasserre, 2009). Let p be
an n-variate SOS-convex polynomial of an even degree d. For all
(yα)α∈Nn

d
∈ R(n+d

d ) with y0 = 1 and (yβ+γ)β,γ∈Nn
d
2

⪰ 0, and

x = (x1, . . . , xn) = (ye1 , . . . , yen), we then have∑
α∈Nn

d

pαx
α ≤

∑
α∈Nn

d

pαyα.

Proof. Let (yα)α∈Nn
d
∈ R(n+d

d ) with y0 = 1 and (yβ+γ)β,γ∈Nn
d
2

⪰ 0, and let

x = (x1, . . . , xn) = (ye1 , . . . , yen). Since p is SOS-convex, the n-variate
polynomial q of degree d, defined by q (z) = p (z)− p (x)− (∇p (x))⊤ (z − x)
for all z ∈ Rn, is SOS. For all z = (z1, . . . , zn) ∈ Rn, we have

∑
α∈Nn

d

qαz
α =

∑
α∈Nn

d

pαz
α −

∑
α∈Nn

d

pαx
α −

n∑
i=1

∂p (x1, . . . , xn)
∂xi

(zi − xi) .

Since q is SOS, y0 = 1 and (yβ+γ)β,γ∈Nn
d
2

⪰ 0, it now follows from

Corollary 4.3.1 that

∑
α∈Nn

d

qαyα =
∑

α∈Nn
d

pαyα −
∑

α∈Nn
d

pαx
αy0 −

n∑
i=1

∂p (x1, . . . , xn)
∂xi

(yei − xi) .

=
∑

α∈Nn
d

pαyα −
∑

α∈Nn
d

pαx
α ≥ 0.

Hence,
∑

α∈Nn
d

pαx
α ≤

∑
α∈Nn

d

pαyα.
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Chapter 5

Polynomial optimization

5.1 Polynomial optimization problems

In this chapter, we analyze a particular class of mathemaical optimization
problems called polynomial optimization problems. A polynomial
optimization problem is an optimization problem with a polynomial objective
function and polynomial constraints.

Definition 5.1 (Polynomial optimization problem). An n-variate
polynomial optimization problem of degree d is an optimization problem

inf
x∈Rn

∑
α∈Nn

d

fαx
α

s. t.
∑

α∈Nn
d

gi,αx
α ≤ 0, i ∈ {1, . . . ,m} (P)

where f and g1, . . . , gm are n-variate polynomials of degree d.

In general, a polynomial optimization problem is NP-hard (Bellare and
Rogaway, 1995).
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We assume that d is even. Then, we can reformulate (P) as an SDP with a
rank constraint.

Theorem 5.1 (e.g., Lasserre, 2009). The optimization problem

inf
(yα)α∈Nn

d
∈R(n+d

d )
∑

α∈Nn
d

fαyα

s. t.
∑

α∈Nn
d

gi,αyα ≤ 0, i ∈ {1, . . . ,m}

y0 = 1
(yβ+γ)β,γ∈Nn

d
2

⪰ 0

rank (yβ+γ)β,γ∈Nn
d
2

= 1

is equivalent with problem (P).

Proof. =⇒ ) Let x ∈ Rn and (yα)α∈Nn
d

= [x]d. Then, y0 = x0 = 1. Moreover,
for all β, γ ∈ Nn

d
2
, we have yβ+γ = xβ+γ = xβ · xγ. Hence,

(yβ+γ)β,γ∈Nn
d
2

= [x] d
2

[x]⊤d
2
⪰ 0, and rank (yβ+γ)β,γ∈Nn

d
2

= 1.

⇐= ) Let (yα)α∈Nn
d
∈ R(n+d

d ) with y0 = 1, (yβ+γ)β,γ∈Nn
d
2

⪰ 0, and

rank (yβ+γ)β,γ∈Nn
d
2

= 1. Then, there exists a z = (zβ)β∈Nn
d
2

∈ R
(n+ d

2
d
2

) such

that (yβ+γ)β,γ∈Nn
d
2

= zz⊤, or yβ+γ = zβ · zγ for all β, γ ∈ Nn
d
2
. For all

β, γ ∈ Nn
d
2
, we now have

yβ+γ = zβ · zγ = zβ · zγ · 1 = zβ · zγ · y0 = zβ · zγ · y0+0

= zβ · zγ · z0 · z0 = zβ · z0 · zγ · z0 = yβ+0 · yγ+0 = yβ · yγ.

Let x = (x1, . . . , xn) = (ye1 , . . . , yen). For all α = (α1, . . . , αn) ∈ Nn
d , we

then have

yα = yα1e1+···+αnen = yα1
e1 · · · y

αn
en

= xα1
1 · · ·xαn

n = xα.

Hence, (yα)α∈Nn
d

= [x]d.
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Unfortunately, an SDP does not allow a rank constraint. However, if we relax
the rank constraint, we obtain a relaxation of problem (P).

Corollary 5.1.1 (e.g., Lasserre, 2009). The optimization problem

inf
(yα)α∈Nn

d
∈R(n+d

d )
∑

α∈Nn
d

fαyα

s. t.
∑

α∈Nn
d

gi,αyα ≤ 0, i ∈ {1, . . . ,m}

y0 = 1
(yβ+γ)β,γ∈Nn

d
2

⪰ 0

(SDP)

is an SDP relaxation of (P).

The dual problem of (SDP) is called the first-order Lasserre relaxation of (P)
(e.g., Lasserre, 2009), and is given by the following theorem (see also
Definition A.15).

Theorem 5.2 (e.g., Lasserre, 2009). The dual problem of (SDP) is
given by

sup
t∈R

λ1,...,λm∈R

t

s. t. f − t+
m∑

i=1
λigi is SOS

λi ≥ 0, i ∈ {1, . . . ,m} .

(Lasserre)

Proof. Let K =
{

(yα)α∈Nn
d
∈ R(n+d

d ) : (yβ+γ)β,γ∈Nn
d
2

⪰ 0
}

. The Lagrangian L

of (SDP) is then given for all (yα)α∈Nn
d
∈ K, λ1, . . . , λm ≥ 0, and t ∈ R by

L
(
(yα)α∈Nn

d
, λ1, . . . , λm, t

)
=
∑

α∈Nn
d

fαyα +
m∑

i=1
λi

∑
α∈Nn

d

gi,αyα + t (1− y0)

= t+
∑

α∈Nn
d

(
fα − [α = 0] · t+

m∑
i=1

λigi,α

)
yα

From Corollary 4.3.1, it follows that, for all λ1, . . . , λm ≥ 0 and t ∈ R, we
have

inf
{
L
(
(yα)α∈Nn

d
, λ1, . . . , λm, t

)
: (yα)α∈Nn

d
∈ K

}
=


t if f − t+

m∑
i=1

λigi is SOS,

−∞ otherwise.

Hence, the dual problem of (SDP) is given by (Lasserre).
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Recall that we can determine whether a polynomial is SOS by solving a
system of SDP equations. Therefore, (Lasserre) can be reformulated as
another SDP.
Let (P)∗, (SDP)∗, and (Lasserre)∗ be the optimal solution values of problems
(P), (SDP), and (Lasserre) respectively. Since (SDP) is a relaxation of (P),
we then have (SDP)∗ ≤ (P)∗. From weak duality (see also Corollary A.15.1),
it follows that (Lasserre)∗ ≤ (SDP)∗ Hence,

(Lasserre)∗ ≤ (SDP)∗ ≤ (P)∗ ,

so (Lasserre) is indeed a relaxation of problem (P).
Lasserre (2009) and De Klerk and Laurent (2011) provide sufficient
conditions under which the first-order Lasserre relaxation is exact, i.e.,
(Lasserre)∗ = (P)∗. In that case,

(Lasserre)∗ = (SDP)∗ = (P)∗ ,

so the SDP relaxation is also exact. We can then solve (P) by solving (SDP).

5.2 SOS-convex polynomial optimization

A sufficient condition under which we can solve (P) by solving (SDP) is that
(P) is an SOS-convex polynomial optimization problem.

Definition 5.2 (SOS-convex polynomial optimization problem). An
n-variate SOS-convex polynomial optimization problem of an even
degree d is an optimization problem

inf
x∈Rn

∑
α∈Nn

d

fαx
α

s. t.
∑

α∈Nn
d

gi,αx
α ≤ 0, i ∈ {1, . . . ,m} (SOS-CVX)

where f and g1, . . . , gm are n-variate SOS-convex polynomials of an
even degree d.
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Theorem 5.3. The optimization problem

inf
(yα)α∈Nn

d
∈R(n+d

d )
∑

α∈Nn
d

fαyα

s. t.
∑

α∈Nn
d

gi,αyα ≤ 0, i ∈ {1, . . . ,m}

y0 = 1
(yβ+γ)β,γ∈Nn

d
2

⪰ 0

(SOS-CVX-SDP)

is an SDP relaxation of (SOS-CVX).

An optimal solution to (SOS-CVX-SDP) now yields an optimal solution to
(SOS-CVX).

Theorem 5.4 (e.g., Lasserre, 2009). Assume that (SOS-CVX-SDP)
has an optimal solution (y∗

α)α∈Nn
d
. Then,

(SOS-CVX-SDP)∗ = (SOS-CVX)∗ ,

and x∗ = (x∗
1, . . . , x

∗
n) =

(
y∗

e1 , . . . , y
∗
en

)
is an optimal solution to

(SOS-CVX).

Proof. Since g1, . . . , gm are SOS-convex, it follows from the Jensen-type
equality that, for all i ∈ {1, . . . ,m}, we have∑

α∈Nn
d

gi,αx
∗α ≤

∑
α∈Nn

d

gi,αy
∗
α ≤ 0.

Therefore, x∗ is a feasible solution to (SOS-CVX). Since f is also
SOS-convex, it follows from the Jensen-type inequality that

(SOS-CVX-SDP)∗ ≤ (SOS-CVX)∗ ≤
∑

α∈Nn
d

fαx
∗α ≤

∑
α∈Nn

d

fαy
∗
α = (SOS-CVX-SDP)∗ .

Hence, (SOS-CVX-SDP)∗ = (SOS-CVX)∗, and x∗ is an optimal solution to
(SOS-CVX).
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Chapter 6

Algebraically open sets and
conic decompositions

6.1 Algebraically open sets

Let V be a finite-dimensional normed vector space, and A ⊆ V . Then, a
point x ∈ A is an interior point of A if a ball around x is contained in A, and
A is an open set if every point x ∈ A is an interior point of A.

Definition 6.1 (Open set). Let V be an finite-dimensional normed
vector space, and A ⊆ V . A point x ∈ A is then called an interior
point of A if there exists an ε > 0 such that, for all y ∈ V with
∥y − x∥ < ε, we have y ∈ A.
The set of interior points of A is denoted by int (A). A is called an
open set if A = int (A).

We can generalize the notion of an open set to all vector spaces using the
notion of an algebraically open set.
Let V be a vector space, and A ⊆ V . Then, a point x ∈ A is an algebraic
interior point of A if x lies in the interior of every intersection of A with a
line through x, and A is an algebraically open set if every point x ∈ A is an
algebraic interior point of A.

Definition 6.2 (Algebraically open set). Let V be a vector space, and
A ⊆ V . A point x ∈ A is then called an algebraic interior point of A if,
for all u ∈ V \ {0}, there exists an ε > 0 such that, for all t ∈ R with
|t| < ε, we have x+ tu ∈ A.
The set of algebraic interior points of A is denoted by aint (A). A is
called an algebraically open set if A = aint (A).
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A

x ∈ int (A)

A

x ∈ aint (A)

Figure 6.1: x ∈ int (A) if a ball around x is contained in A, and x ∈ aint (A)
if x lies in the interior of every intersection of A with a line through x.

An equivalent definition of an algebraically open set A is that every
intersection of A with a line through A is an open set.

Theorem 6.1 (e.g., Barvinok, 2002, Definition II.1.5). Let V be a
vector space, and A ⊆ V . Then, A is an algebraically open set if and
only if, for all x ∈ A and u ∈ V \ {0}, the set

{t ∈ R : x+ tu ∈ A}

is open.

Proof.⇐= ) Assume that {t ∈ R : x+ tu ∈ A} is an open set for all x ∈ A
and u ∈ V \ {0}. Let x ∈ A, u ∈ V \ {0}, and I = {t ∈ R : x+ tu ∈ A}.
Then, 0 ∈ I, and I is an open set, so 0 ∈ int (I). Therefore, there exists
an ε > 0 such that, for all t ∈ R with |t| < ε, we have t ∈ I, or
x+ tu ∈ A. Therefore, x ∈ aint (A). Hence, A is an algebraically open
set.

=⇒ ) Assume that A is an algebraically open set. Suppose that there exist an
x ∈ A and a u ∈ V \ {0}, such that the set I = {t ∈ R : x+ tu ∈ A} is
not open. Then, there exists a t ∈ I with t /∈ int (I). Since t ∈ I, we
have x+ tu ∈ A. Since t /∈ int (I), it follows that, for all ε > 0, there
exists an s ∈ R with |s− t| < ε, such that s /∈ I, or

x+ su = x+ tu+ (s− t)u /∈ A.

Therefore, x+ tu /∈ aint (A). However, A would then not be an
algebraically open set. Hence, {t ∈ R : x+ tu ∈ A} is an open set for
all x ∈ A and u ∈ V \ {0}.
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If V is a finite-dimensional normed vector space, then every interior point of
A is also an algebraic interior point of A.

Theorem 6.2. Let V be a finite-dimensional normed vector space,
and A ⊆ V . Then,

int (A) ⊆ aint (A) .

Proof. Let x ∈ int (A). Then, there exists an ε > 0 such that, for all y ∈ Rn

with ∥y − x∥ < ε, we have y ∈ A. Let u ∈ V \ {0}. Then, for all t ∈ R with
|t| < ε

∥u∥ , we have

∥(x+ tu)− x∥ = ∥tu∥ = |t| ∥u∥ < ε,

so x+ tu ∈ A. Hence, x ∈ aint (A).

Moreover, if A is a convex set, then the interior and algebraic interior of A
coincide.

Theorem 6.3. Let V be an finite-dimensional normed vector space,
and A ⊆ V a convex set. Then,

aint (A) = int (A) .

Proof. ⊇) Follows directly from Theorem 6.2.

⊆) Let x ∈ aint (A), and {u1, . . . , un} an orthonormal basis of V (see also
Theorem A.6 and Theorem A.7). Then, for every i ∈ {1, . . . , n}, there
exists an εi > 0 such that, for all ti ∈ R with |ti| < εi, we have
x+ tiui ∈ A.
Let y ∈ Rn with ∥y − x∥ < min{ε1,...,εn}

n
, and t1, . . . , tn ∈ R such that

y − x = t1u1 + · · ·+ tnun. From Corollary A.8.1, it then follows that,
for all i ∈ {1, . . . , n}, we have

|nti| = n |ti| ≤ n ∥y − x∥ < min {ε1, . . . , εn} ≤ εi,

so x+ ntiui ∈ A. Therefore, since A is a convex set, we have

y = x+
n∑

i=1
tiui = 1

n

n∑
i=1

(x+ ntiui) ∈ A.

Hence, x ∈ int (A).
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The requirement that A needs to be a convex set in Theorem 6.3 is necessary,
as shown by the following example.

Example 6.1. Let A = {(x, y) ∈ R2 : |y| ≥ x2} ∪ {(x, 0) : x ∈ R} .
Then, A is not a convex set. We can now show that (0, 0) ∈ aint (A),
but (0, 0) /∈ int (A).

A

(0, 0)

Figure 6.2: (0, 0) ∈ aint (A), but (0, 0) /∈ int (A).

Let (u, v) ∈ R2. If u = 0, then (tu, tv) = (0, tv) ∈ A for all t ∈ R. If
v = 0, then (tu, tv) = (tu, 0) ∈ A for all t ∈ R. If u ̸= 0 and v ̸= 0,
then, for all t ∈ R with |t| < |v|

u2 , we have t2 ≤ |t|v
u2 , so

|tv| = |t| |v| ≥ t2u2 = (tu)2 ,

so (tu, tv) ∈ A. Hence, (0, 0) ∈ aint (A).

Let ε > 0, t = min
{

ε√
5 , 1

}
and (x, y) =

(
t, t2

2

)
. Then,

∥(x, y)∥ =
√
t2 + t4

4 ≤
√

5t2
4 =

√
5t
2 ≤ ε

2 < ε,

but (x, y) /∈ A. Hence, (0, 0) /∈ int (A).
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6.2 Conic decompositions

Let V be a vector space, and A,B ⊆ V . Then, the set of points in V that
can be written as the sum of a point in A and a point in B is called the
Minkowski sum of A and B. Similarly, the set of points in V that can be
written as the difference of a point A and a point B is called the Minkowski
difference of A and B.

Definition 6.3 (Minkowski sum and difference). Let V be a vector
space, and let A,B ⊆ V . Then, the Minkowski sum A+B of A and B
is defined as

A+B = {a+ b : a ∈ A, b ∈ B} ,
and the Minkowski difference A−B of A and B is defined as

A−B = {a− b : a ∈ A, b ∈ B} .

Let V be a vector space, and K a cone in V . If aint (K) ̸= ∅, then every point
in V can be written as the difference of two points in K.

Theorem 6.4 (e.g., Ahmadi and Hall, 2018). Let V be a vector space,
and K a cone in V . Assume that aint (K) ̸= ∅. Then,

V = K −K.

Proof. ⊇) Trivial.

⊆) Let v ∈ V , and k ∈ aint (K). Then, there exists an ε > 0 such that, for
all t ∈ R with |t| < ε, we have k + tv ∈ K. Since k + ε

2v ∈ K and k ∈ K,
and K is a cone, we have 2

ε

(
k + ε

2v
)
∈ K and 2

ε
k ∈ K. Hence,

v =
(2
ε
k + v

)
− 2
ε
k = 2

ε

(
k + ε

2v
)
− 2
ε
k ∈ K −K.

The requirement that aint (K) ̸= ∅ in Theorem 6.4 is necessary. For example,
the set K = {(x, 0) : x ∈ R} is a cone in R2, but aint (K) = ∅, and

K −K = {(x, 0) : x ∈ R} ⊊ R2.

6.3 The cone of SOS-convex polynomials

Let V be the vector space of n-variate polynomials of an even degree d, and
K̃ the convex cone of SOS-convex polynomials in V . Since V is a
finite-dimensional vector space, and K̃ a convex set, we then have

aint
(
K̃
)

= int
(
K̃
)
.
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Let p ∈ V . Recall that p ∈ K̃ if and only if there exists a Q ⪰ 0 such that
y⊤∇2p (x) y =

(
[x] d

2 −1 ⊗ y
)⊤
Q
(
[x] d

2 −1 ⊗ y
)

for all x, y ∈ Rn. If we can take
Q ≻ 0, then p ∈ int

(
K̃
)
.

Theorem 6.5 (e.g., Ahmadi et al., 2024). Let V be the vector space
of n-variate polynomials of an even degree d, and K̃ the cone of
SOS-convex polynomials in V . Let p ∈ V . Assume that there exists a
Q ≻ 0 such that, for all x, y ∈ Rn, we have

y⊤∇2p (x) =
(
[x] d

2 −1 ⊗ y
)⊤
Q
(
[x] d

2 −1 ⊗ y
)
.

Then, p ∈ int
(
K̃
)
.

Proof. Let q ∈ V . Then, there exists a Q′ ∈ S
(n+ d

2 −1
d
2 −1 )n×(n+ d

2 −1
d
2 −1 )n

such that, for
all x, y ∈ Rn, we have

y⊤∇2q (x) y =
(
[x] d

2 −1 ⊗ y
)⊤
Q′
(
[x] d

2 −1 ⊗ y
)
.

Since Q ≻ 0, there exists an ε > 0 such that, for all t ∈ R with |t| < ε, we
have Q+ tQ′ ⪰ 0, so p+ tq ∈ K̃. Hence, p ∈ aint

(
K̃
)

= int
(
K̃
)
.

Corollary 6.5.1. Let V be the vector space of n-variate polynomials
of an even degree d, and K̃ the cone of SOS-convex polynomials in V .
Then,

int
(
K̃
)
̸= ∅.

It now follows directly from Theorem 6.4 that every polynomial can be
written as the difference of two SOS-convex polynomials.

Corollary 6.5.2 (e.g., Ahmadi and Hall, 2018). For every polynomial
p, there exist two SOS-convex polynomials q1 and q2 such that

p = q2 − q1.
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Chapter 7

dth-order Newton method

Newton’s method aims to minimize a function by iteratively minimizing
second-order Taylor approximations. Therefore, a natural idea to improve
upon Newton’s method is to minimize Taylor approximations of a higher
order d ≥ 3. Ahmadi et al. (2024) developed the dth-order Newton method,
which aims to minimize a function by iteratively minimizing regularized
dth-order Taylor approximations.

7.1 Regularized Taylor approximations

Consider an unconstrained optimization problem

inf
x∈D

f (x) ,

where f : D → R is a d times continuously differentiable function on an open
domain D ⊆ Rn. Similarly to gradient descent and the classical Newton
method, the dth-order Newton method starts from an initial point x0 ∈ D and
aims to construct a sequence (xk)∞

k=0 that converges to a minimizer x∗ of f .
A natural idea to update the current iterate xk is to minimize the dth-order
Taylor approximation Txk,d of f at xk. However, there are some issues with
this approach (Ahmadi et al., 2024):

• Txk,d might be unbounded from below.

• Even if Txk,d is bounded from below, it might not attain its minimum.

• A minimizer of Txk,d might not be unique.

• In general, finding a minimizer of Txk,d is NP-hard.

Therefore, Ahmadi et al. (2024) instead consider a regularized dth-order
Taylor approximation of f at xk, with penalty factor t ≥ 0, given by

x 7→ Txk,d (x) + t ∥x− xk∥d′
,

37



where d′ is the smallest even number greater than d, ensuring that this
function is a polynomial. The regularization term imposes a penalty on
moving away from xk, where Txk,d becomes less accurate. Therefore,
minimizing the regularized Taylor approximation is a more conservative
approach than minimizing the Taylor approximation itself.
An important question is how large the penalty factor should be. Since we
can minimize an SOS-convex polynomial by solving an SDP, Ahmadi et al.
(2024) select the smallest penalty factor such that the regularized Taylor
approximation is SOS-convex. That is, we solve the optimization problem

min
t∈R

t

s. t. x 7→ Txk,d (x) + t ∥x− xk∥d′
is SOS-convex

t ≥ 0.

Note that this problem can be reformulated as an SDP.

7.2 Existence of an SOS-convex regularized
Taylor approximation

To determine whether there always exists a t ≥ 0 such that the polynomial

x 7→ Txk,d (x) + t ∥x− xk∥d′

is SOS-convex, we need to introduce a few lemmas.

Lemma 7.1 (Ahmadi et al., 2024). Define the n-variate polynomial p
of an even degree d for all x ∈ Rn by

p (x) = 1 +
(
d

2 + 1
)
∥x∥d .

Then, there exists a Q ≻ 0 such that, for all x ∈ Rn, we have

p (x) = [x]⊤d
2
Q [x] d

2
.

Note that p is SOS. Therefore, we already know that there exists a Q ⪰ 0
such that p (x) = [x]⊤d

2
Q [x] d

2
for all x ∈ Rn. However, this lemma states that

we can take Q ≻ 0.

Proof. We prove the lemma by induction on d.
If d = 0, then, for all x ∈ Rn, we have

p (x) = 1 + 1 · ∥x∥0 = 1 + 1 · 1 = 2 = 1 · 2 · 1 = [x]0 · 2 · [x]0 ,

and 2 > 0, so the lemma is true for d = 0.
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Now, assume that the lemma is true for some even degree d. Then, there
exists a Q ≻ 0 such that, for all x ∈ Rn, we have

1 +
(
d

2 + 1
)
∥x∥d = [x]⊤d

2
Q [x] d

2
= [x]⊤d

2 +1

[
Q 0
0 0

]
[x] d

2 +1 .

Let P = diag
((( d

2 +1
β

))
β∈Nn

0 ,|β|= d
2 +1

)
≻ 0. From the multinomial theorem, it

then follows that, for all x = (x1, . . . , xn) ∈ Rn, we have

∥x∥d+2 =
(
x2

1 + · · ·+ x2
n

) d
2 +1

=
∑

β∈Nn
0

|β|= d
2 +1

(
d
2 + 1
β

)
x2β = [x]⊤d

2 +1

[
0 0
0 P

]
[x] d

2 +1 .

Let A ∈ R
(n+ d

2
d
2

)×(n+ d
2

d
2 +1) such that, for all x ∈ Rn, we have

−
(
d

2 + 1
)
∥x∥d = [x]⊤d

2 +1

[
0 A
A⊤ 0

]
[x] d

2 +1 .

For all x ∈ Rn and t ∈ R, we then have

1 + t ∥x∥d+2 = [x]⊤d
2 +1

[
Q A
A⊤ tP

]
[x] d

2 +1 .

Since Q ≻ 0, it follows from Theorem A.19 that, for all t ∈ R, we have[
Q A
A⊤ tP

]
≻ 0 if and only if tP ≻ A⊤Q−1A. Since P ≻ 0, there exists a

t > d
2 + 2 such that tP ≻ A⊤Q−1A. Then, 0 <

d
2 +2

t
< 1. For all x ∈ Rn, we

now have

1 +
(
d

2 + 2
)
∥x∥d+2 =

d
2 + 2
t

(
1 + t ∥x∥d+2

)
+
(

1−
d
2 + 2
t

)

= [x]⊤d
2 +1

(
d
2 + 2
t

[
Q A
A⊤ tP

]
+
[
1−

d
2 +2

t 0⊤

0 0

])
[x] d

2 +1 ,

and
d
2 + 2
t

[
Q A
A⊤ tP

]
+
[
1−

d
2 +2

t
0⊤

0 0

]
≻ 0,

so the lemma is also true for d+ 2.
Hence, the lemma is true for every even degree d.

We can now prove the following lemma.

Lemma 7.2 (Ahmadi et al., 2024). Let V be the vector space of
n-variate polynomials of an even degree d ≥ 2, and K̃ the cone of
SOS-convex polynomials in V . Define p ∈ V for all x ∈ Rn by

p (x) = ∥x∥2 + ∥x∥d .

Then, p ∈ int
(
K̃
)
.
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Proof. For all x ∈ Rn, we have

∇p (x) = 2x+ d ∥x∥d−2 x,

∇2p (x) = 2In + d ∥x∥d−2 In + d (d− 2) ∥x∥d−4 xx⊤.

Therefore, for all x, y ∈ Rn, we have

y⊤∇2p (x) y =
(

1 + d

2 ∥x∥
d−2
)(

2 ∥y∥2
)

+ d (d− 2) ∥x∥d−4
(
x⊤y

)2
.

From Lemma 7.1, it follows that there exists a Q ≻ 0 such that, for all
x ∈ Rn, we have

1 + d

2 ∥x∥
d−2 = [x]⊤d

2 −1 Q [x] d
2 −1 .

From Theorem A.16 and Corollary A.17.1, it now follows that, for all
x, y ∈ Rn, we have(

1 + d

2 ∥x∥
d−2
)(

2 ∥y∥2
)

=
(
[x]⊤d

2 −1 Q [x] d
2 −1

) (
y⊤ (2In) y

)
=
(
[x] d

2 −1 ⊗ y
)⊤

(Q⊗ 2In)
(
[x] d

2 −1 ⊗ y
)
,

and Q⊗ 2In ≻ 0. Since the polynomial

x, y 7→ d (d− 2) ∥x∥d−4
(
x⊤y

)2

is SOS, there exists a Q′ ⪰ 0 such that, for all x, y ∈ Rn, we have

d (d− 2) ∥x∥d−4
(
x⊤y

)2
=
(
[x] d

2 −1 ⊗ y
)⊤
Q′
(
[x] d

2 −1 ⊗ y
)
.

For all x, y ∈ Rn, we now have

y⊤∇2p (x) y =
(
[x] d

2 −1 ⊗ y
)⊤

(Q⊗ 2In +Q′)
(
[x] d

2 −1 ⊗ y
)
,

and Q⊗ 2In +Q′ ≻ 0. Hence, p ∈ int
(
K̃
)
.

The following theorem now shows that, if ∇2f (xk) ≻ 0, then there always
exists a t ≥ 0 such that the polynomial

x 7→ Txk,d (x) + t ∥xk − x∥d′

is SOS-convex.

Theorem 7.3 (Ahmadi et al., 2024). Let f : D → R be a d ≥ 2 times
continuously differentiable function on an open domain D ⊆ Rn, and
let B ⊆ D be a compact set. Assume that ∇2f (x) ≻ 0 for all x ∈ B.
Then, there exists a t ≥ 0 such that, for all x ∈ B, the polynomial

y 7→ Tx,d (y) + t ∥y − x∥d′
,

where d′ is the smallest even number greater than d, is SOS-convex.
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Proof. Since ∇2f (x) ≻ 0 for all x ∈ B, and B is a compact set, there exists a
δ > 0 such that ∇2f (x) ⪰ δIn for all x ∈ B. For all x ∈ B, u ∈ Rn and
s > 0, we now have

Tx,d (x+ su) =
∑

α∈Nn
d

Dαf (x)
α! s|α|uα

= f (x) + s (∇f (x))⊤ u+ 1
2s

2u⊤∇2f (x)u+
∑

α∈Nn
d

|α|≥3

Dαf (x)
α! s|α|uα

= f (x) + s (∇f (x))⊤ u+ 1
2s

2u⊤
(
∇2f (x)− δIn

)
u

+
∑

α∈Nn
d

|α|≥3

Dαf (x)
α! s|α|uα + δ

2s
2 ∥u∥2 ,

so
2
δ

1
s2Tx,d (x+ su) + ∥u∥d

′
= 2
δ

1
s2 f (x) + 2

δ

1
s

(∇f (x))⊤ u+ 1
δ
u⊤
(
∇2f (x)− δIn

)
u

+ 2
δ

∑
α∈Nn

d

|α|≥3

Dαf (x)
α! s|α|−2uα + ∥u∥2 + ∥u∥d

′
.

Let V ′ be the vector space of n-variate polynomials of degree d′, and K̃′ the
cone of SOS-convex polynomials in V ′. From Lemma 7.2, it then follows that
u 7→ ∥u∥2 + ∥u∥d′

∈ int
(
K̃′
)
. Therefore, there exists an R > 0 such that, for

all p ∈ V with ∥p∥ ≤ R, we have u 7→ p (u) + ∥u∥2 + ∥u∥d′
∈ K̃′.

Since B is a compact set, there exists an M > 0 such that, for all x ∈ B, we
have ∥∥∥∥∥∥∥∥∥∥

u 7→ 2
δ

∑
α∈Nn

d

|α|≥3

Dαf (x)
α! uα

∥∥∥∥∥∥∥∥∥∥
≤M.

Let s = min
{
1, R

M

}
, and x ∈ B. Then,∥∥∥∥∥∥∥∥∥∥

u 7→
∑

α∈Nn
d

|α|≥3

Dαf (x)
α! s|α|−2uα

∥∥∥∥∥∥∥∥∥∥
≤ s

∥∥∥∥∥∥∥∥∥∥
u 7→

∑
α∈Nn

d

|α|≥3

Dαf (x)
α! uα

∥∥∥∥∥∥∥∥∥∥
≤ sM ≤ R.

Therefore, the polynomial

u 7→
∑

α∈Nn
d

|α|≥3

Dαf (x)
α! s|α|−2uα + ∥u∥2 + ∥u∥d′

is SOS-convex. Since ∇2f (x) ⪰ δIn, it follows from Theorem 4.4 that the
quadratic function

u 7→ 2
δ

1
s2f (x) + 2

δ

1
s

(∇f (x))⊤ u+ 1
δ
u⊤
(
∇2f (x)− δIn

)
u
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is also SOS-convex. Hence, the polynomial

u 7→ 2
δ

1
s2Txk,d (x+ su) + ∥u∥d′

is SOS-convex. For all y ∈ Rn and u = 1
s

(y − x), we have

δ

2s
2
(2
δ

1
s2Txk,d (x+ su) + ∥u∥d′

)
= Txk,d (y) + δ

2
1

sd′−2 ∥y − x∥
d′
.

Let t = δ
2

1
sd′−2 . Then, for all x ∈ B, the polynomial

y 7→ Tx,d (y) + t ∥y − x∥d′

is SOS-convex.

If ∇2f (xk) ⊁ 0, then there might not exist a t ≥ 0 such that the polynomial

x 7→ Txk,d (x) + t ∥x− xk∥d′

is SOS-convex (Ahmadi et al., 2024). Therefore, Ahmadi et al. (2024) instead
consider the regularized Taylor approximation

x 7→ Txk,d (x) + 1
2
(
δ − λmin

(
∇2f (xk)

))+
∥x− xk∥2 + t ∥x− xk∥d

′
,

where δ > 0 is a small number, and solve the optimization problem

min
t∈R

t

s. t. x 7→ Txk,d (x) + 1
2
(
δ − λmin

(
∇2f (xk)

))+
∥x− xk∥2 + t ∥x− xk∥d

′
is SOS-convex

t ≥ 0.

We now have

∇2f (xk) +
(
δ − λmin

(
∇2f (xk)

))+
In ⪰ δIn ≻ 0,

so there always exists a t ≥ 0 such that the polynomial

x 7→ Txk,d (x) + 1
2
(
δ − λmin

(
∇2f (xk)

))+
∥x− xk∥2 + t ∥x− xk∥d

′

is SOS-convex. Define the function t : D → R+ for all x ∈ D by

t (x) = min
{
t ≥ 0 : y 7→ Tx,d (y) + 1

2
(
δ − λmin

(
∇2f (x)

))+ ∥y − x∥2 + t ∥y − x∥d′
is SOS-convex

}
.

Ahmadi et al. (2024) then define the function ψxk,d : Rn → R for all x ∈ Rn by

ψxk,d (x) = Txk,d (x) + 1
2
(
δ − λmin

(
∇2f (xk)

))+
∥x− xk∥2 + t (xk) ∥x− xk∥d

′
.

We now wish to set xk+1 equal to a minimizer of ψxk,d.

42



7.3 Existence of a unique minimizer of the
regularized Taylor approximation

A sufficient condition for a continuous function to have a minimizer is that
the function is coercive.

Definition 7.1 (Coercive function). A function f : Rn → R, is called
coercive if, for all M ∈ R, there exists an R > 0 such that for all
x ∈ Rn with ∥x∥ > R, we have f (x) > M , or

f (x)→∞ as ∥x∥ → ∞.

Theorem 7.4 (e.g., Beck, 2014, Theorem 2.32). Every continuous and
coercive function has a minimizer.

Proof. Let f : Rn → R be a continuous and coercive function. Since f is
coercive, there exists an R > 0 such that, for all x ∈ Rn with ∥x∥ > R, we
have f (x) > f (0). Since f is continuous, and the set {x ∈ Rn : ∥x∥ ≤ R} is
compact, it follows from Weierstrass’ theorem that there exists an x∗ ∈ Rn

with ∥x∗∥ ≤ R such that

f (x∗) = inf {f (x) : x ∈ Rn, ∥x∥ ≤ R} .

For all x ∈ Rn with ∥x∥ > R, we now have f (x) > f (0) ≥ f (x∗). Hence, x∗

is a minimizer of f .

To prove that ψxk,d is coercive, Ahmadi et al. (2024) use the following
quadrature rule for integration.

Theorem 7.5 (Clenshaw and Curtis, 1960). Let p be a univariate
polynomial of an even degree d ≥ 2. Then, there exist w0, . . . , wd ≥ 0
and s0, . . . , sd ∈ [−1, 1], where w0 = 1

d2−1 and s0 = −1, such that

∫ 1

−1
p (s) ds =

d∑
i=0

wip (si) .

The proof is beyond the scope of this thesis.

43



Ahmadi et al. (2024) now prove the following lemma.

Lemma 7.6 (Ahmadi et al., 2024). Let M : R→ Sn×n be a function,
where the entries of M are univariate polynomials of an even degree
d ≥ 2. Assume that M (s) ⪰ 0 for all s ∈ [0, 1]. Then,∫ 1

0
M (s) ds ⪰ 1

2 (d2 − 1)M (0) .

Proof. From Theorem 7.5, it follows that there exist w0, . . . , wd ≥ 0 and
s0, . . . , sd ∈ [−1, 1], where w0 = 1

d2−1 and s0 = −1, such that

∫ 1

0
M (s) ds = 1

2

∫ 1

−1
M

(
s+ 1

2

)
ds = 1

2

d∑
i=0

wiM

(
si + 1

2

)
⪰ 1

2w0M

(
s0 + 1

2

)
= 1

2 (d2 − 1)M (0) .

The following theorem now shows that ψxk,d has a unique minimizer.

Theorem 7.7 (Ahmadi et al., 2024). Let p be a n-variate convex
polynomial of an even degree d ≥ 4. Assume that there exists an
x ∈ Rn such that ∇2p (x) ≻ 0. Then, p has a unique minimizer.

Proof. Let y ∈ Rn. Then (see also the proof of Theorem 4.8),

p (y) = p (x) + (∇p (x))⊤ (y − x) + (y − x)⊤
(∫ 1

0

∫ t

0
∇2p (x+ s (y − x)) ds dt

)
(y − x)

= p (x) + (∇p (x))⊤ (y − x) + (y − x)⊤
(∫ 1

0
t

∫ 1

0
∇2p (x+ ts (y − x)) ds dt

)
(y − x) .

The entries of ∇2p are polynomials of degree d− 2 ≥ 2. Since p is convex, we
have ∇2p (x+ st (y − x)) ⪰ 0 for all t, s ∈ [0, 1]. Therefore, from Lemma 7.6,
it follows that, for all t ∈ [0, 1], we have∫ 1

0
∇2p (x+ ts (y − x)) ds ⪰ 1

2
(
(d− 2)2 − 1

)∇2p (x) .

Hence,

p (y) ≥ p (x) + (∇p (x))⊤ (y − x) + (y − x)⊤

∫ 1

0
t

 1
2
(

(d− 2)2 − 1
)∇2p (x)

 dt

 (y − x)

= p (x) + (∇p (x))⊤ (y − x) + (y − x)⊤

 1
4
(

(d− 2)2 − 1
)∇2p (x)

 (y − x) .
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Since ∇2p (x) ≻ 0, we have p (y)→∞ as ∥y∥ → ∞, so p is coercive. Since p
is a polynomial, it is also continuous. Hence, p has a minimizer x∗.
Suppose that p has another minimizer y∗ ̸= x∗. Since p is a convex function,
we then have p (x∗ + t (y∗ − x∗)) = p (x∗) for all t ∈ [0, 1]. Since p is a
polynomial, we now have p (x∗ + t (y∗ − x∗)) = p (x∗) for all t ∈ R. However,
as t→∞, we now have ∥x∗ + t (y∗ − x∗)∥ → ∞, but

p (x∗ + t (y∗ − x∗)) = p (x∗) ↛∞,

so p is now not coercive. Hence, x∗ is the only minimizer of p.

Since ∇2ψxk,d (xk) = ∇2f (xk) + (δ − λmin (∇2f (xk)))+
In ≻ 0, it follows

directly that ψxk,d has a unique minimizer. Therefore, we can set xk+1 equal
to the minimizer of ψxk,d. We assume that xk+1 ∈ D.

Algorithm 7.1: dth-order Newton method
Input: Objective function f , initial point x0, small number δ > 0,

tolerance parameter ε > 0, maximum number of iterations N
for k ← 0 to N − 1 do

if ∥∇f (xk)∥ < ε then
return xk // Converged

function Txk,d (x):
// Taylor approximation
return ∑

α∈Nn
d

Dαf(xk)
α! (x− xk)α

t (xk)← min
{
t ≥ 0 : x 7→ Txk,d (x) + 1

2
(
δ − λmin

(
∇2f (xk)

))+ ∥x− xk∥2

+ t ∥x− xk∥d′
is SOS-convex

}
function ψxk,d (x):

// Regularized Taylor approximation
return Txk,d (x) + 1

2
(
δ − λmin

(
∇2f (xk)

))+ ∥x− xk∥2 + t (xk) ∥x− xk∥d′

xk+1 ← argmin {ψxk,d (x) : x ∈ Rn}
return xN // Maximum number of iterations reached
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7.4 Convergence of the dth-order Newton
method

Consider an unconstrained optimization problem
inf
x∈D

f (x) ,

where f : D → R is a d times continuously differentiable function on an open
domain D ⊆ Rn. We assume that the dth-order partial derivatives of f are
Lipschitz continuous.
To determine whether the dth-order Newton method converges, we need the
following lemma.

Lemma 7.8 (Ahmadi et al., 2024). Let f : D → R be a d ≥ 3 times
continuously differentiable function on an open convex domain
D ⊆ Rn. Assume that f has a local minimizer x∗ with ∇2f (x∗) ≻ 0,
and that, for all α ∈ Nn

d with |α| = d, the function Dαf is Lipschitz
continuous with Lipschitz constant L. Then, there exists an r > 0 such
that, for all x ∈ D with ∥x− x∗∥ ≤ r, we have

∇2ψx,d (x∗) ⪰ 1
2∇

2f (x∗) .

Proof. From Theorem 3.8, it follows that, for all i, j ∈ {1, . . . , n} and x ∈ D,
we have

|Dijf (x∗)−DijTx,d (x∗)| = |DijRx,d (x∗)| ≤
√
nd−2L

(d− 1)! ∥x− x
∗∥d−1 .

Therefore, ∥∥∥∇2f (x∗)−∇2Tx,d (x∗)
∣∣∣→ 0 as x→ x∗.

Hence, there exists an r > 0 such that, for all x ∈ D with ∥x− x∗∥ ≤ r, we have∥∥∥∇2f (x∗)−∇2Tx,d (x∗)
∥∥∥ ≤ 1

2λmin
(
∇2f (x∗)

)
.

Let x ∈ D with ∥x− x∗∥ ≤ r. Then,

∇2f (x∗)−∇2Tx,d (x∗) ⪯ 1
2∇

2f (x∗) ,

so ∇2Tx,d (x∗) ⪰ 1
2∇

2f (x∗). Since, for all y ∈ Rn, we have

ψx,d (y) = Tx,d (y) + t (x) ∥y − x∥d′
,

and the function y 7→ t (x) ∥y − x∥d′
is convex, we have ∇2ψx,d (y) ⪰ ∇2Tx,d (y)

for all y ∈ Rn. Hence,

∇2ψx,d (x∗) ⪰ ∇2Tx,d (x∗) ⪰ 1
2∇

2f (x∗) .
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It now follows that the dth-order Newton method converges with order d to a
local minimizer x∗ of f if the initial point is sufficiently close to x∗

Theorem 7.9 (Local convergence with order d of the dth-order
Newton method; Ahmadi et al., 2024). Consider an unconstrained
optimization problem

inf
x∈D

f (x) ,

where f : D → R is a d times continuously differentiable function on an
open convex domain D ⊆ Rn. Assume that f has a local minimizer x∗

with ∇2f (x∗) ≻ 0, and that, for all α ∈ Nn
d with |α| = d, the function

Dαf is Lipschitz continuous with Lipschitz constant L. Then, there
exist an r > 0 and a c > 0 such that, for every sequence (xk)∞

k=0
obtained by the dth-order Newton method with ∥x0 − x∗∥ ≤ r, we have

∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥d

for all k ∈ N0.

Proof. Since D is an open set, and ∇2f (x∗) ≻ 0, there exists an r1 > 0
such that for all x ∈ Rn, we have x ∈ D, and ∇2f (x) ≻ 0. From Lemma 7.8, it
follows that there exists an r2 > 0 such that, for all x ∈ D with ∥x− x∗∥ ≤ r2,
we have ∇2ψx,d (x∗) ⪰ 1

2∇
2f (x∗).

Let r′ = min {r1, r2}. Since the set {x ∈ Rn : ∥x− x∗∥ ≤ r′} ⊆ D is compact,
it follows from Theorem 7.3 that there exists a t∗ such that t (x) ≤ t∗ for all
x ∈ Rn with ∥x− x∗∥ ≤ r′.
Let (xk)∞

k=0 be a sequence obtained by the dth-order Newton method, and let
k ∈ N0. Assume that ∥xk − x∗∥ ≤ r′. From the chain rule and the
fundamental theorem of calculus, it follows that

∇ψxk,d (xk+1)−∇ψxk,d (x∗) =
(∫ 1

0
∇2ψxk,d (x∗ + t (xk+1 − x∗)) dt

)
(xk+1 − x∗) .

Since xk+1 is a minimizer of ψxk,d, we have ∇ψxk,d (xk+1) = 0. Therefore,

∇ψxk,d (x∗) = −
(∫ 1

0
∇2ψxk,d (x∗ + t (xk+1 − x∗)) dt

)
(xk+1 − x∗) .

Since ψxk,d is convex, we have ∇2ψxk,d (x∗ + t (xk+1 − x∗)) for all t ∈ [0, 1].
From Lemma 7.6, it now follows that∫ 1

0
∇2ψxk,d (x∗ + t (xk+1 − x∗)) dt ⪰ 1

2
(
(d′ − 2)2 − 1

)∇2ψxk,d (x∗) .
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Therefore,

∥∇ψxk,d (x∗)∥ ≥ λmin

(∫ 1

0
∇2ψxk,d (x∗ + t (xk+1 − x∗)) dt

)
∥xk+1 − x∗∥

≥ 1
2
(
(d′ − 2)2 − 1

)λmin
(
∇2ψxk,d (x∗)

)
∥xk+1 − x∗∥

≥ 1
4
(
(d′ − 2)2 − 1

)λmin
(
∇2f (x∗)

)
∥xk+1 − x∗∥ .

Hence,

∥xk+1 − x∗∥ ≤
4
(
(d′ − 2)2 − 1

)
λmin (∇2f (x∗)) ∥∇ψxk,d (x∗)∥ .

For all x ∈ Rn, we have

ψxk,d (x) = Txk,d (x) + t (xk) ∥x− xk∥d′
,

∇ψxk,d (x) = ∇Txk,d (x) + t (xk) d′ ∥x− xk∥d′−2 (x− xk) .

Therefore,

∥∇ψxk,d (x∗)∥ ≤ ∥∇Txk,d (x∗)∥+ t (xk) d′ ∥xk − x∗∥d′−1 .

Since x∗ is a local minimizer of f , we have ∇f (x∗) = 0. From Theorem 3.8,
it now follows that, for all i ∈ {1, . . . , n}, we have

|DiTxk,d (x∗)| = |DiRxk,d (x∗)| ≤
√
nd−1L

d! ∥xk − x∗∥d .

Therefore,

∥∇Txk,d (x∗)∥ ≤
√
ndL

d! ∥xk − x∗∥d .

Since ∥xk − x∗∥ ≤ r′, we have t (xk) ≤ t∗, and

∥xk − x∗∥d
′−1 =

{
∥xk − x∗∥d if d is odd
∥xk − x∗∥d+1 ≤ r′ ∥xk − x∗∥d if d is even.

Therefore,

∥ψxk,d (x∗)∥ ≤
√
ndL

d! ∥xk − x∗∥d + t∗d′ max
{
r′, 1

}
∥xk − x∗∥d

=
(√

ndL

d! + t∗d′ max
{
r′, 1

})
∥xk − x∗∥d

Hence,

∥xk+1 − x∗∥ ≤ λmin
(
∇2f (x∗)

)
4
(
(d′ − 2)2 − 1

) (√ndL

d! + t∗d′ max
{
r′, 1

})
∥xk − x∗∥d .

Let
c = λmin

(
∇2f (x∗)

)
4
(
(d′ − 2)2 − 1

) (√ndL

d! + t∗d′ max
{
r′, 1

})
,
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and r = min
{
r′,
(

1
c

) 1
d−1
}

. Then, rd−1 ≤ 1
c
, so crd ≤ r.

Let (xk)∞
k=0 be a sequence obtained by the dth-order Newton method with

∥x0 − x∗∥ ≤ r. If ∥xk − x∗∥ ≤ r for some k ∈ N0, then

∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥d ≤ crd ≤ r.

Hence, ∥xk − x∗∥ ≤ r ≤ r′, so ∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥d, for all k ∈ N0.

Corollary 7.9.1. Consider an unconstrained optimization problem

inf
x∈D

f (x) ,

where f : D → R is a d times continuously differentiable function on an
open convex domain D ⊆ Rn. Assume that f has a local minimizer x∗

with ∇2f (x) ≻ 0, and that, for all α ∈ Nn
d with |α| = d, the function

Dαf is Lipschitz continuous with Lipschitz constant L. Then, there
exists an R > 0 such that, for every sequence (xk)∞

k=0 obtained by the
dth-order Newton method with ∥x0 − x∗∥ ≤ R, we have

∥xk − x∗∥ ≤ 2R
(1

2

)dk

for all k ∈ N0.

Proof. From local convergence with order d of the dth-order Newton method,
it follows that there exist an r > 0 and a c > 0 such that, for every sequence
(xk)∞

k=0 obtained by the dth-order Newton method with ∥x0 − x∗∥ ≤ r, we
have ∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥d for all k ∈ N0.

Let R = min
{
r, 1

2

(
1
c

) 1
d−1
}

. Then, (2R)d−1 ≤ 1
c
, so c (2R)d ≤ 2R.

Let (xk)∞
k=0 be a sequence obtained by the dth-order Newton method with

∥x0 − x∗∥ ≤ R. If ∥xk − x∗∥ ≤ 2R
(

1
2

)dk

for some k ∈ N0, then

∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥d ≤ c
(

2R
(1

2

)dk)d

= c (2R)d
(1

2

)dk+1

= 2R
(1

2

)dk+1

.

Hence, ∥xk − x∗∥ ≤ 2R
(

1
2

)dk

for all k ∈ N0.
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7.5 Univariate case with d = 3

Ahmadi et al. (2024) show that, under some assumptions, the third-order
Newton method for an unconstrained univariate optimization problem has a
closed-form solution for the iterates.

Theorem 7.10 (Ahmadi et al., 2024). Consider an unconstrained
optimization problem

inf
x∈I

f (x) ,

where f : I → R is a three times continuously differentiable function on
an interval I ⊆ R. Let (xk)∞

k=0 be a sequence obtained by the
third-order Newton method.
Let k ∈ N0. Assume that f ′′ (xk) > 0 and f ′′′ (xk) ̸= 0. Then,

xk+1 = xk −
2f ′′ (xk)
f ′′′ (xk) −

3

√√√√√√f ′ (xk)− 2(f ′′(xk))2

3f ′′′(xk)
(f ′′′(xk))2

12f ′′(xk)

.

Proof. For all x ∈ R and t ≥ 0, we have

Txk,3 (x) + t (x− xk)4 = f (xk) + f ′ (xk) (x− xk) + f ′′ (xk)
2 (x− xk)2

+ f ′′′ (xk)
6 (x− xk)3 + t (x− xk)4 .

Therefore, for all x, y ∈ R and t ≥ 0, we have

∂2

∂x2

(
Txk,3 (x) + t (x− xk)4

)
y2 =

(
f ′′ (xk) + f ′′′ (xk) (x− xk) + 12t (x− xk)2

)
y2.

=
(
f ′′ (xk)− (f ′′′ (xk))2

48t + 12t
(
f ′′′ (xk)

24t + x− xk

)2
)
y2.

For every t ≥ 0, the polynomial

x, y 7→
(
f ′′ (xk)− (f ′′′ (xk))2

48t + 12t
(
f ′′′ (xk)

24t + x− xk

)2)
y2

is SOS if and only if f ′′ (xk)− (f ′′′(xk))2

48t
≥ 0, or t ≥ (f ′′′(xk))2

48f ′′(xk) . Therefore, for
every t ≥ 0, the polynomial

x 7→ Txk,3 (x) + t (x− xk)4

is SOS-convex if and only if t ≥ (f ′′′(xk))2

48f ′′(xk) . Hence,

t (xk) = (f ′′′ (xk))2

48f ′′ (xk) .
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For all x ∈ R, we now have

ψxk,3 (x) = f (xk) + f ′ (xk) (x− xk) + f ′′ (xk)
2 (x− xk)2

+ f ′′′ (xk)
6 (x− xk)3 + (f ′′′ (xk))2

48f ′′ (xk) (x− xk)4 ,

so

ψ′
xk,3 (x) = f ′ (xk) + f ′′ (xk) (x− xk) + f ′′′ (xk)

2 (x− xk)2 + (f ′′′ (xk))2

12f ′′ (xk) (x− xk)3

= f ′ (xk)− 2 (f ′′ (xk))2

3f ′′′ (xk) + (f ′′′ (xk))2

12f ′′ (xk)

(
2f ′′ (xk)
f ′′′ (xk) + x− xk

)3
,

so

ψ′
xk,3 (x) = 0 ⇐⇒ x = xk −

2f ′′ (xk)
f ′′′ (xk) −

3

√√√√√f ′ (xk)− 2(f ′′(xk))2

3f ′′′(xk)
(f ′′′(xk))2

12f ′′(xk)

.

Hence, since ψxk,3 is a convex function, it is minimized by setting

xk+1 = xk −
2f ′′ (xk)
f ′′′ (xk) −

3

√√√√√√f ′ (xk)− 2(f ′′(xk))2

3f ′′′(xk)
(f ′′′(xk))2

12f ′′(xk)

.

Below, we provide a visual illustration of an iteration of the third-order
Newton method for an unconstrained univariate optimization problem. At
iteration k + 1, we replace the function f by its third-order Taylor
approximation Txk,3 at xk, add a quartic regularization term to obtain the
SOS-convex polynomial ψxk,3 of degree four, and set xk+1 equal to the unique
minimizer of ψxk,3.

x

y

(xk+1, ψxk,3 (xk+1))

f
Txk,3
ψxk,3

(xk, f (xk))

Figure 7.1: Illustration of the (k + 1)th iteration of the third-order Newton
method for an unconstrained univariate optimization problem.
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7.6 Extension to constraints

Ahmadi et al. (2024) mention that the dth-order Newton method can easily
be extended to problems with SOS-convex polynomial constraints.
Consider a constrained optimization problem

inf
x∈D

f (x)
s. t.

∑
α∈Nn

d

gi,αx
α ≤ 0, i ∈ {1, . . . ,m}

where f is a d times continuously differentiable functions on an open domain
D ⊆ Rn, and g1, . . . , gm are n-variate SOS-convex polynomials of degree d.
We assume that

T =
x ∈ D :

∑
α∈Nn

d

g1,αx
α ≤ 0, . . . ,

∑
α∈Nn

d

gm,αx
α ≤ 0

 ̸= ∅.
A natural idea to update the current iterate xk is to solve the optimization
problem

inf
x∈Rn

ψxk,d (x)
s. t.

∑
α∈Nn

d

gi,αx
α ≤ 0, i ∈ {1, . . . ,m} ,

which is an SOS-convex polynomial optimization problem. To prove that this
subproblem always has a unique minimizer, we need to extend Theorem 7.4
and Theorem 7.7 to constrained cases.

Theorem 7.11. Let f : Rn → R be a continuous and coercive
function, and T ⊆ Rn a nonempty closed set. Then, there exists an
x∗ ∈ T such that

f (x∗) = inf {f (x) : x ∈ T} .

Proof. Let x0 ∈ T . Since f is coercive, there exists an R > ∥x0∥ such that,
for all x ∈ Rn with ∥x∥ > R, we have f (x) > f (x0). Since f is continuous,
and the set {x ∈ T : ∥x∥ ≤ R} is compact, it follows from Weierstrass’
theorem that there exists an x∗ ∈ T with ∥x∗∥ ≤ R such that

f (x∗) = inf {f (x) : x ∈ T, ∥x∥ ≤ R} .

For all x ∈ T with ∥x∥ > R, we now have f (x) > f (x0) ≥ f (x∗). Hence,

f (x∗) = inf {f (x) : x ∈ T} .
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Theorem 7.12. Let p be a n-variate convex polynomial of an even
degree d ≥ 4, and T ⊆ Rn a nonempty closed convex set. Assume that
there exists an x ∈ Rn such that ∇2p (x) ≻ 0. Then, there exists a
unique x∗ ∈ T such that

p (x∗) = inf {p (x) : x ∈ T} .

Proof. From the proof of Theorem 7.7, it follows that p is continuous and
coercive. From Theorem 7.11, it now follows that there exists an x∗ ∈ T such
that

p (x∗) = inf {p (x) : x ∈ T} .

Suppose that there exists a y∗ ∈ T with y∗ ̸= x∗ such that p (y∗) = p (x∗) .
Since p is a convex function, and T a convex set, we then have
p (x∗ + t (y∗ − x∗)) = p (x∗) for all t ∈ [0, 1]. However, from the proof of
Theorem 7.7, it now follows that p is not coercive. Hence, x∗ is unique.

Since the feasible regionx ∈ Rn :
∑

α∈Nn
d

g1,αx
α ≤ 0, . . . ,

∑
α∈Nn

d

gm,αx
α ≤ 0

 ⊇ T
is nonempty, closed and convex, the subproblem

inf
x∈Rn

ψxk,d (x)

s. t.
∑

α∈Nn
d
2

gi,αx
α ≤ 0, i ∈ {1, . . . ,m}

always has a unique minimizer, and we can set xk+1 equal to this minimizer.
We assume that xk+1 ∈ D.
Note that, for a minimizer x∗ of a constrained optimization problem, we need
not have ∇f (x∗) = 0. Therefore, we need different stopping criterion than
∥∇f (xk)∥ < ε for some ε > 0.
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For a constrained optimization problem, the Karush-Kuhn-Tucker (KKT)
conditions are necessary conditions for a point x∗ to be a local minimizer.
For a convex optimization problem, the KKT conditions are also sufficient for
x∗ to be a global minimizer (Boyd and Vandenberghe, 2004).

Theorem 7.13 (Karush-Kuhn-Tucker conditions; e.g., Boyd and
Vandenberghe, 2004, Subsection 5.5.3). Consider a constrained
optimization problem

inf
x∈D

f (x)
s. t. gi (x) ≤ 0, i ∈ {1, . . . ,m}

(P)

where f, g1, . . . , gm : D → R are functions on an open domain D ⊆ Rn.
Assume that (P) has a local minimizer x∗. Then, there exist
λ∗

1, . . . , λ
∗
m ∈ R such that

∇f (x∗) +
m∑

i=1
λ∗

i∇gi (x∗) = 0

λ∗
i gi (x∗) = 0, i ∈ {1, . . . ,m}
gi (x∗) ≤ 0, i ∈ {1, . . . ,m}
λ∗

i ≥ 0, i ∈ {1, . . . ,m} .

Note that the KKT conditions form a system of linear equations and
inequalities. Therefore, we can determine whether a point x∗ ∈ D satisfies
the KKT conditions by solving an LP.
The constraints of our subproblem ensure that

∑
α∈Nn

d

gi,αx
α
k ≤ 0 for all

i ∈ {1, . . . ,m}. We now terminate the algorithm when there exist
λ1, . . . , λm ≥ 0 such that

∣∣∣∣∣∣∣Dejf (xk) +
m∑

i=1
λi

 ∑
α∈Nn

d−1

(α+ ej)!
α! gi,α+ejx

α
k


∣∣∣∣∣∣∣ ≤ ε, j ∈ {1, . . . , n}∣∣∣∣∣∣λi

 ∑
α∈Nn

d

gi,αx
α
k

∣∣∣∣∣∣ ≤ ε, i ∈ {1, . . . ,m} .
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Algorithm 7.2: dth-order Newton method with SOS-convex
polynomial constraints
Input: Objective function f , SOS-convex polynomial constraints

g1, . . . , gm of degree d, initial point x0, small number δ > 0,
tolerance parameter ε > 0, maximum number of iterations N

for k ← 0 to N − 1 do
// KKT conditions

if
{
λ1, . . . , λm ≥ 0 :∣∣∣∣∣∣Dejf (xk) +

m∑
i=1

λi

 ∑
α∈Nn

d−1

(α+ ej)!
α! gi,α+ejx

α
k

∣∣∣∣∣∣ ≤ ε, j ∈ {1, . . . , n}∣∣∣∣∣∣λi

∑
α∈Nn

d

gi,αx
α
k

∣∣∣∣∣∣ ≤ ε, i ∈ {1, . . . ,m}
}
̸= ∅ then

return xk // Converged

function Txk,d (x):
// Taylor approximation
return ∑

α∈Nn
d

Dαf(xk)
α! (x− xk)α

t (xk)← min
{
t ≥ 0 : x 7→ Txk,d (x) + 1

2
(
δ − λmin

(
∇2f (xk)

))+ ∥x− xk∥2

+ t ∥x− xk∥d′
is SOS-convex

}
function ψxk,d (x):

// Regularized Taylor approximation
return Txk,d (x) + 1

2
(
δ − λmin

(
∇2f (xk)

))+ ∥x− xk∥2 + t (xk) ∥x− xk∥d′

xk+1 ← argmin

ψxk,d (x) : x ∈ Rn,
∑

α∈Nn
d
2

g1,αx
α ≤ 0, . . . ,

∑
α∈Nn

d
2

gm,αx
α ≤ 0


return xN // Maximum number of iterations reached
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Chapter 8

Conclusion

The dth-order Newton method from Ahmadi et al. (2024) is a variant of
Newton’s method that, at each iteration, minimizes an SOS-convex
regularized dth-order Taylor approximation. Ahmadi et al. (2024) have proven
that such a regularized Taylor approximation always exists and has a unique
minimizer. Moreover, both the optimal regularized Taylor approximation and
its minimizer can be found by solving a semidefinite program.
The classical Newton method exhibits local quadratic convergence (i.e.,
convergence of order two) around a local minimizer, whereas the dth-order
Newton method exhibits local convergence of order d. Therefore, in terms of
the number of iterations required for an optimization algorithm to converge,
a higher-order Newton method is preferable to the classical method.
Furthermore, we successfully extended the dth-order Newton method to
optimization problems with SOS-convex polynomial constraints. At each
iteration, we can minimize an SOS-convex regularized Taylor approximation
subject to the problem’s constraints. We have shown that the feasible region
is nonempty and that each subproblem has a unique optimal solution.

8.1 Future research

In this thesis, we were able to extend the higher-order Newton method from
Ahmadi et al. (2024) to problems with SOS-convex constraints. A natural
idea for more general constraints would be to replace each constraint by
either an SOS-convex regularized Taylor approximation or its affine
approximation. However, ensuring the feasibility of iterates could pose a
challenge.
For the unconstrained dth-order Newton method, local convergence of order d
has been established. Therefore, analyzing whether this result generalizes to
the constrained case presents an interesting direction for future research.
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Ahmadi et al. (2024) observed empirically that the basin of attraction around
a local minimizer, i.e., the region in which the initial point must lie for the
algorithm to converge, tends to be larger for a higher-order Newton method
than for the classical method. However, to the best of our knowledge, this
has not yet been theoretically proven.
Lastly, Ahmadi et al. (2024) proved that the higher-order Newton method
exhibits local convergence for a general objective function with a local
minimizer. Therefore, an interesting question is whether we can achieve
global convergence for a (strongly) convex objective function.
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Appendix A

Linear algebra

A.1 Inner product spaces and normed vector
spaces

Let V be a vector space. We can then define an inner product on V .

Definition A.1 (Inner product). An inner product on a vector space
V is an operator ⟨·, ·⟩ : V × V → R such that, for all u, v, w ∈ V and
c ∈ R, we have

• symmetry: ⟨u, v⟩ = ⟨v, u⟩,

• additivity: ⟨u+ v, w⟩ = ⟨u,w⟩+ ⟨v, w⟩,

• homogeneity: ⟨cu, v⟩ = c ⟨u, v⟩,

• positive definiteness: ⟨u, u⟩ ≥ 0, and ⟨u, u⟩ = 0 if and only if u = 0.

A vector space on which an inner product is defined is called an inner
product space.

In this thesis, we use the following inner products on Rn and Rm×n.

Definition A.2 (Inner product on Rn). The standard inner product on
Rn is defined for all x = (x1, . . . , xn) ∈ Rn and y = (y1, . . . , yn) ∈ Rn by

⟨x, y⟩ = x⊤y = x1y1 + · · ·+ xnyn.
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Definition A.3 (Inner product on Rm×n). The standard inner
product on Rm×n is defined for all

A =


a11 · · · a1n
... ...
am1 · · · amn

 ∈ Rm×n and B =


b11 · · · b1n
... ...
bm1 · · · bmn

 ∈ Rm×n

by
⟨A,B⟩ = tr

(
A⊤B

)
=

m∑
i=1

n∑
j=1

aijbij.

We can also define a norm on a vector space V .

Definition A.4 (Norm). A norm on a vector space V is an operator
∥·∥ : V → R such that, for all u, v ∈ V and c ∈ R, we have

• positive definiteness: ∥u∥ ≥ 0, and ∥u∥ = 0 if and only if u = 0,

• absolute homogeneity: ∥cu∥ = |c| ∥u∥,

• triangle inequality: ∥u+ v∥ ≤ ∥u∥+ ∥v∥.

A vector space on which a norm is defined is called a normed vector
space.

We use the following norm on an inner product space.

Definition A.5 (Norm on an inner product space). The standard
norm on an inner product space V is defined for all u ∈ V by

∥u∥ =
√
⟨u, u⟩.

Positive definiteness and absolute homogeneity of the standard norm on an
inner product space follow directly from symmetry, homogeneity and positive
definiteness of the inner product.
To prove the triangle inequality, we first need the Cauchy-Schwarz inequality.

Theorem A.1 (Cauchy-Schwarz inequality; e.g. Lay et al., 2021,
Section 6.7, Theorem 16). Let V be an inner product space. For all
u, v ∈ V , we then have

|⟨u, v⟩| ≤ ∥u∥ ∥v∥ .

Proof. Let u, v ∈ V . If v = 0, then |⟨u, v⟩| = ∥u∥ ∥v∥ = 0.
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Now, assume that v ̸= 0. Then,∥∥∥∥∥u− ⟨u, v⟩⟨v, v⟩
v

∥∥∥∥∥
2

=
〈
u− ⟨u, v⟩
⟨v, v⟩

v, u− ⟨u, v⟩
⟨v, v⟩

v

〉

= ⟨u, u⟩ − 2⟨u, v⟩
⟨v, v⟩

⟨u, v⟩+ (⟨u, v⟩)2

(⟨v, v⟩)2 ⟨v, v⟩

= ⟨u, u⟩ − 2(⟨u, v⟩)2

⟨v, v⟩
+ (⟨u, v⟩)2

⟨v, v⟩

= ⟨u, u⟩ − (⟨u, v⟩)2

⟨v, v⟩
= ∥u∥2 − (⟨u, v⟩)2

∥v∥2 ≥ 0.

Therefore, (⟨u, v⟩)2 ≤ ∥u∥2 ∥v∥2. Hence, |⟨u, v⟩| ≤ ∥u∥ ∥v∥.

We can now prove the triangle inequality.

Theorem A.2 (Triangle inequality; e.g. Lay et al., 2021, Section 6.7,
Theorem 17). Let V be an inner product space. For all u, v ∈ V , we
then have

∥u+ v∥ ≤ ∥u∥+ ∥v∥ .

Proof. Let u, v ∈ V . From the Cauchy-Schwarz inequality, it then follows
that

∥u+ v∥2 = ⟨u+ v, u+ v⟩ = ⟨u, u⟩+ 2 ⟨u, v⟩+ ⟨v, v⟩
≤ ∥u∥2 + 2 ∥u∥ ∥v∥+ ∥v∥2 = (∥u∥+ ∥v∥)2 .

Hence, ∥u+ v∥ ≤ ∥u∥+ ∥v∥ .

We use the following norms on Rn and Rm×n.

Definition A.6 (Norm on Rn). The Euclidean norm on Rn is defined
for all x = (x1, . . . , xn) ∈ Rn by

∥x∥ =
√
⟨x, x⟩ =

√
x2

1 + · · ·+ x2
n.

Definition A.7 (Norm on Rm×n). The spectral norm on Rm×n is
defined for all A ∈ Rm×n by

∥A∥ = σmax (A) =
√
λmax (A⊤A) = max {∥Au∥ : u ∈ Rn, ∥u∥ = 1} .

It can be directly verified that that the spectral norm on Rm×n satisfies
positive definiteness and absolute homogeneity.
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We now prove the triangle inequality.

Theorem A.3 (Triangle inequality). For all A,B ∈ Rm×n, we have

∥A+B∥ ≤ ∥A∥+ ∥B∥ .

Proof. Let A,B ∈ Rm×n. From the triangle inequality on Rm, it then follows
that
∥A+B∥ = max {∥(A+B)u∥ : u ∈ Rn, ∥u∥ = 1}

≤ max {∥Au∥+ ∥Bu∥ : u ∈ Rn, ∥u∥ = 1}
≤ max {∥Au∥ : u ∈ Rn, ∥u∥ = 1}+ max {∥Bu∥ : u ∈ Rn, ∥u∥ = 1}
= ∥A∥+ ∥B∥ .

The spectral norm on Rm×n and the Euclidean norm on Rn are
submultiplicative.

Theorem A.4 (Submultiplicativity). For all A ∈ Rm×n and x ∈ Rn,
we have

∥Ax∥ ≤ ∥A∥ ∥x∥ .

Proof. Let A ∈ Rm×n and x ∈ Rn. Then,

∥Ax∥2 = x⊤A⊤Ax ≤ λmax
(
A⊤A

)
∥x∥2 = ∥A∥2 ∥x∥2 .

Hence, ∥Ax∥ ≤ ∥A∥ ∥x∥.

A.2 Orthogonal and orthonormal vectors

Two vectors in an inner product space are called orthogonal if their inner
product equals zero.

Definition A.8 (Orthogonal vectors). Let V be an inner product
space, and u, v ∈ V . Then, u and v are called orthogonal if

⟨u, v⟩ = 0.

The following theorem states that nonzero orthogonal vectors are always
linearly independent.

Theorem A.5 (e.g. Lay et al., 2021, Section 6.2, Theorem 4). Let V
be an inner product space, and u1, . . . , un ∈ V . Assume that u1, . . . , un

are nonzero and orthogonal. Then, u1, . . . , un are linearly independent.
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Proof. Since u1, . . . , un are orthogonal, we have ⟨ui, uj⟩ = 0 for all
i, j ∈ {1, . . . , n} with i ̸= j.
Let c1, . . . , cn ∈ R such that c1u1 + · · ·+ cnun = 0. For all i ∈ {1, . . . , n}, we
then have

⟨c1u1 + · · ·+ cnun, ui⟩ = c1 ⟨u1, ui⟩+ · · ·+ cn ⟨un, ui⟩ = ci ⟨ui, ui⟩ = 0,

so ci = 0. Hence, u1, . . . , un are linearly independent.

Corollary A.5.1. Let V be an n-dimensional inner product space,
and u1, . . . , un ∈ V . Assume that u1, . . . , un are nonzero and
orthogonal. Then, the set {u1, . . . , un} is a basis of V .

The following theorem states that every finite-dimensional inner product
space has an orthogonal basis.

Theorem A.6 (Gram–Schmidt theorem, e.g. Lay et al., 2021, Section
6.4, Theorem 11). Let {u1, . . . , un} be a basis of an inner product
space V . For every i ∈ {1, . . . , n}, let

vi = ui −
⟨ui, v1⟩
⟨v1, v1⟩

v1 − · · · −
⟨ui, vi−1⟩
⟨vi−1, vi−1⟩

vi−1.

Then, the set {v1, . . . , vn} is an orthogonal basis of V .

Proof. We prove by induction that, for all i ∈ {1, . . . , n}, the set {v1, . . . , vi}
is an orthogonal basis of Span {u1, . . . , ui}. We have v1 = u1 ̸= 0, so the set
{v1} is an orthogonal basis of Span {u1}.
Assume that, the set {v1, . . . , vi} is an orthogonal basis of Span {u1, . . . , ui}.
For all j ∈ {1, . . . , i}, we then have

⟨vi+1, vj⟩ =
〈
ui+1 −

⟨ui+1, v1⟩
⟨v1, v1⟩

v1 − · · · −
⟨ui+1, vi⟩
⟨vi, vi⟩

vi, vj

〉

= ⟨ui+1, vj⟩ −
⟨ui+1, v1⟩
⟨v1, v1⟩

⟨v1, vj⟩ − · · · −
⟨ui+1, vi⟩
⟨vi, vi⟩

⟨vi, vj⟩

= ⟨ui+1, vj⟩ −
⟨ui+1, vj⟩
⟨vj, vj⟩

⟨vj, vj⟩ = ⟨ui+1, vj⟩ − ⟨ui+1, vj⟩ = 0.

Hence, v1, . . . , vi, vi+1 are orthogonal. Since u1, . . . , ui, ui+1 are linearly
independent, we have

ui+1 /∈ Span {u1, . . . , ui} = Span {v1, . . . , vi} .

Therefore, vi+1 ̸= 0, and

v1, . . . , vi, vi+1 ∈ Span {v1, . . . , vi, ui+1} = Span {u1, . . . , ui, ui+1} .

Hence, {v1, . . . , vi, vi+1} is an orthogonal basis of Span {u1, . . . , ui, ui+1}.
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Vectors in an inner product space are called orthonormal if they are
orthogonal, and their norms equal one.

Definition A.9 (Orthonormal vectors). Let V be an inner product
space, and u1, . . . , un ∈ V . Then, u1, . . . , un are called orthonormal if
they are orthogonal, and

∥u1∥ = · · · = ∥un∥ = 1.

Since every finite-dimensional inner product space has an orthogonal basis, it
also has an orthonormal basis.

Theorem A.7. Let {u1, . . . , un} be an orthogonal basis of an inner
product space V . Then, the set

{
u1

∥u1∥ , . . . ,
un

∥un∥

}
is an orthonormal

basis of V .

The following theorem now states that we can express the norm of a vector
in an inner product space in terms of its coordinates with respect to an
orthonormal basis.

Theorem A.8. Let {u1, . . . , un} be an orthonormal basis of an inner
product space V . Let v ∈ V , and c1, . . . , cn ∈ R such that
v = c1u1 + · · ·+ cnun. Then,

∥v∥ =
√
c2

1 + · · ·+ c2
n.

Proof. Since u1, . . . , un are orthonormal, it follows that,

∥v∥2 =
∥∥∥∥∥

n∑
i=1

ciui

∥∥∥∥∥
2

=
〈

n∑
i=1

ciui,
n∑

j=1
cjuj

〉
=

n∑
i=1

n∑
j=1

cicj ⟨ui, uj⟩

=
n∑

i=1
ci ⟨ui, ui⟩ =

n∑
i=1

ci ∥ui∥2 =
n∑

i=1
ci.

Hence, ∥v∥ =
√
c2

1 + · · ·+ c2
n.

Corollary A.8.1. Let {u1, . . . , un} be an orthonormal basis of an
inner product space V . Let v ∈ V , and c1, . . . , cn ∈ R such that
v = c1u1 + · · ·+ cnun. Then,

|c1| , . . . , |cn| ≤ ∥v∥ .

Proof. Let i ∈ {1, . . . , n}. Then, c2
i ≤ c2

1 + · · ·+ c2
n = ∥v∥2, so |ci| ≤ ∥x∥.

63



A.3 Convex cones

A set K in a vector space V is called a cone if K is closed under nonnegative
scalar multiplication.

Definition A.10 (Cone). Let V be a vector space, and K ⊆ V . Then,
K is called a cone if, for all x ∈ K and λ ≥ 0, we have

λx ∈ K.

It follows directly that K is a convex cone if and only if K is closed under
nonnegative linear combinations.

Theorem A.9. Let V be a vector space, and K ⊆ V . Then, K is a
convex cone if and only if, for all x, y ∈ K and λ, µ ≥ 0, we have

λx+ µy ∈ K.

The linear image of a convex cone is also a convex cone.

Theorem A.10. Let V and W be vector spaces, T : V → W a linear
transformation, and K a convex cone in V . Then, T (K) is also a
convex cone.

Proof. Let u, v ∈ T (K) and λ, µ ≥ 0. Then, there exist x, y ∈ K such that
u = T (x) and y = T (y). Since K is a convex cone, we have λx+ µy ∈ K.
Since T is a linear transformation, it now follows that

λu+ µv = λT (x) + µT (y) = T (λx+ µy) ∈ T (K) .

Hence, T (K) is also a convex cone.

The reverse is also true.

Theorem A.11. Let V and W be vector spaces, T : V → W a linear
transformation, and L a convex cone in W . Then, the set

K = {u ∈ V : T (u) ∈ L}

is also a convex cone.

Proof. Let u, v ∈ K and λ, µ ≥ 0. Then, T (u) ∈ L and T (v) ∈ L. Since T is
a linear transformation, and L a convex cone, we now have

T (λu+ µv) = λT (u) + µT (v) ∈ L,

so λu+ µv ∈ K. Hence, K is also a convex cone.
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Let V be an inner product space, and K ⊆ V . Then, the set of points that
have a nonnegative inner product with all points in K is a convex cone, and
is called the dual cone of K. Note that K itself need not be a cone.

Definition A.11 (Dual cone). Let V be an inner product space, and
K ⊆ V . Then, the set

K∗ = {s ∈ V : ⟨s, x⟩ ≥ 0 for all x ∈ K}

is called the dual cone of K.

Theorem A.12. The dual cone of a set in an inner product space is a
convex cone.

Proof. Let V be an inner product space, K ⊆ V , and K∗ the dual cone of K.
Let s, t ∈ K∗ and λ, µ ≥ 0. Since s, t ∈ K∗, it follows that ⟨s, x⟩ ≥ 0 and
⟨t, x⟩ ≥ 0 for all x ∈ K. Therefore,

⟨λs+ µt, x⟩ = λ ⟨s, x⟩+ µ ⟨t, x⟩ ≥ 0

for all x ∈ K, so λs+ µt ∈ K∗. Hence, K∗ is a convex cone.

A.4 Conic programming

An optimization problem with a linear objective function and linear
constraints, where we optimize over points in a cone, is called a conic
program.

Definition A.12 (Conic program). A conic program is an
optimization problem

inf
X∈V

⟨C,X⟩
s. t. ⟨Ai, X⟩ ≤ bi, i ∈ {1, . . . ,m}

X ∈ K,
(P)

where K is a cone in an inner product space V , and where
A1, . . . , Am ∈ V , b1, . . . , bm ∈ R and C ∈ V .
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If K = Rn
+, then (P) is called a linear program.

Definition A.13. A linear program (LP) is an optimization problem

inf
x∈Rn

c⊤x

s. t. Ax ≤ b
x ≥ 0,

(LP)

where A ∈ Rm×n, b ∈ Rn and c ∈ Rn.

If K = Sn×n
+ , then (P) is called a semidefinite program.

Definition A.14. A semidefinite program (SDP) is an optimization
problem

inf
X∈Sn×n

tr (CX)
s. t. tr (AiX) ≤ bi, i ∈ {1, . . . ,m}

X ⪰ 0,
(SDP)

where A1, . . . , Am ∈ Sn×n, b1, . . . , bm ∈ R and C ∈ Sn×n.

Linear and semidefinite programs are well-studied classes of optimization
problems, and there exist algorithms that can solve them efficiently to
arbitrary accuracy. Notable examples include the simplex method, the
ellipsoid method and various types of interior-point methods. We do not
study these algorithms in this thesis.
For every conic program, we can define a dual problem.

Definition A.15 (Dual problem). The dual problem to problem (P) is
defined as

sup
y1,...,ym∈R

n∑
i=1

yibi

s. t. C −
m∑

i=1
yiAi ∈ K∗

yi ≤ 0, i ∈ {1, . . . ,m} .

(D)

The dual problem of an LP or an SDP follows directly from this definition.

Theorem A.13. The dual problem to problem (LP) is given by

sup
y∈Rm

y⊤b

s. t. y⊤A ≤ c
y ≤ 0.

(LP-D)
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Theorem A.14. The dual problem to problem (SDP) is given by

sup
y1,...,ym∈R

n∑
i=1

yibi

s. t.
m∑

i=1
yiAi ⪯ C

yi ≤ 0, i ∈ {1, . . . ,m} .

(SDP-D)

It now follows that every feasible solution value of (D) is a lower bound on
the feasible solution values of (P).

Theorem A.15. Let X be a feasible solution to problem (P), and
(y1, . . . , ym) a feasible solution to problem (D). Then,

⟨C,X⟩ ≥
m∑

i=1
yibi.

Proof. Since X ∈ K and C −
m∑

i=1
yiAi ∈ K∗, we have

0 ≤
〈
C −

m∑
i=1

yiAi, X

〉
= ⟨C,X⟩ −

m∑
i=1

yi ⟨Ai, X⟩ ≤ ⟨C,X⟩ −
m∑

i=1
yibi.

Hence, ⟨C,X⟩ ≥
m∑

i=1
yibi.

Corollary A.15.1 (Weak duality). Let p∗ be the optimal solution
value of problem (P), and d∗ the optimal solution value of problem (D)
Then,

p∗ ≥ d∗.

67



A.5 Kronecker products

The matrix consisting of the elements of a matrix A ∈ Rm×n multiplied by
the elements of B ∈ Rp×q is called the Kronecker product of A and B, and is
denoted by A⊗B.

Definition A.16 (Kronecker product). Let

A =


a11 · · · a1n
... ...
am1 · · · amn

 ∈ Rm×n and B =


b11 · · · b1q
... ...
bp1 · · · bpq

 ∈ Rp×q.

Then, the Kronecker product A⊗B of A and B is defined as

A⊗B =


a11B · · · a1nB

... ...
am1B · · · amnB



=



a11b11 · · · a11b1q · · · a1nb11 · · · a1nb1q
... ... ... ...

a11bp1 · · · a11bpq · · · a1nbp1 · · · a1nbpq
... ... ... ...

am1b11 · · · am1b1q · · · amnb11 · · · amnb1q
... ... ... ...

am1bp1 · · · am1bpq · · · amnbp1 · · · amnbpq


.

The the matrix product and the Kronecker product satisfy a mixed-product
property.

Theorem A.16 (Mixed-product property). For all A ∈ Rm×n,
B ∈ Rp×q, C ∈ Rn×r and D ∈ Rq×s, we have

(A⊗B) (C ⊗D) = AC ⊗BD.

Proof. Let

A =

a11 · · · a1n
...

...
am1 · · · amn

 ∈ Rm×n, B ∈ Rp×q, C =

c11 · · · c1r
...

...
cn1 · · · cnr

 ∈ Rn×r, and D ∈ Rq×s.
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Then,

(A⊗B) (C ⊗D) =

a11B · · · a1nB
...

...
am1B · · · amnB


c11D · · · c1rD

...
...

cn1D · · · cnrD



=



n∑
i=1

a1ici1BD · · ·
n∑

i=1
a1icirBD

...
...

n∑
i=1

amici1BD · · ·
n∑

i=1
amicirBD


= AC ⊗BD

The following theorem now states that the eigenvalues of A⊗B are the
eigenvalues of A multiplied by the eigenvalues of B.

Theorem A.17. Let A ∈ Rm×m with eigenvalues λ1, . . . , λm and
B ∈ Rn×n with eigenvalues µ1, . . . , µn. Then, the eigenvalues of A⊗B
are λ1µ1, . . . , λ1µn, . . . , λmµ1, . . . , λmµn.

Proof. Let λ be an eigenvalue of A with an eigenvector x, and µ an
eigenvalue of B with an eigenvector y. From the mixed-product property, it
then follows that

(A⊗B) (x⊗ y) = Ax⊗ Ay = λx⊗ µy = λµ (x⊗ y) .

Hence, λµ is an eigenvalue of A⊗B.

Corollary A.17.1. Let A ≻ 0 and B ≻ 0. Then, A⊗B ≻ 0.

A.6 Schur complements

When row-reducing a block matrix
[
A11 A12
A21 A22

]
∈ R(m+n)×(m+n), where A11 is

invertible, we obtain[
A11 A12
A21 A22

]
∼
[
Im A−1

11 A12
A21 A22

]
∼
[
Im A−1

11 A12
0 A22 − A22A

−1
11 A12

]
.

Here, the matrix A22 − A22A
−1
11 A12 is called the Schur complement of the

matrix A11.
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Definition A.17 (Schur complement). Let[
A11 A12
A21 A22

]
∈ R(m+n)×(m+n).

Assume that A11 is invertible. Then, A22 − A21A
−1
11 A12 is called the

Schur complement of A11.

The following theorem shows that the block matrix
[
A11 A12
A21 A22

]
is similar to

the block diagonal matrix
[
A11 0
0 A22 − A21A

−1
11 A12

]
, and can be directly

verified.

Theorem A.18. Let[
A11 A12
A21 A22

]
∈ R(m+n)×(m+n).

Assume that A11 is invertible. Then,[
A11 A12
A21 A22

]
=
[

Im 0
A21A

−1
11 In

] [
A11 0
0 A22 − A21A

−1
11 A12

] [
Im A−1

11 A12
0 In

]
.

It now follows directly that a block matrix[
A11 A12
A21 A22

]
∈ S(m+n)×(m+n)

is positive-definite if and only if the matrix A11 and its Schur complement
A22 − A21A

−1
11 A12 are positive-definite.

Theorem A.19. Let [
A11 A12
A21 A22

]
∈ S(m+n)×(m+n).

Then,
[
A11 A12
A21 A22

]
≻ 0 if and only if A11 ≻ 0 and A22 ≻ A21A

−1
11 A12.

Proof.⇐= ) Assume that A11 ≻ 0 and A22 ≻ A21A
−1
11 A12. Then,[

A11 A12
A21 A22

]
=
[

Im 0
A21A

−1
11 In

] [
A11 0
0 A22 − A21A

−1
11 A12

] [
Im A−1

11 A12
0 In

]
≻ 0.
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=⇒ ) Assume that
[
A11 A12
A21 A22

]
≻ 0. Then, A11 ≻ 0, and

[
A11 0
0 A22 − A21A

−1
11 A12

]
=
[

Im 0
−A21A

−1
11 In

] [
A11 A12
A21 A22

] [
Im −A−1

11 A12
0 In

]
≻ 0,

so also A22 ≻ A21A
−1
11 A12.
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Appendix B

Convergence of gradient descent
and Newton’s method

B.1 Gradient descent

Consider an unconstrained optimization problem

inf
x∈D

f (x) ,

where f : D → Rn is a continuously differentiable function on an open
domain D ⊆ Rn.
We assume that the gradient ∇f is Lipschitz continuous.

Definition B.1 (Lipschitz continuous function). Let V and W be
normed vector spaces. Then, a function f : D → W on an open
domain D ⊆ V is called Lipschitz continuous if there exists an L ≥ 0
such that, for all x, y ∈ D, we have

∥f (y)− f (x)∥ ≤ L ∥y − x∥ .

It is easy to show that every Lipschitz continuous function is continuous,
hence the name. However, not every continuous function is also Lipschitz
continuous.
To determine when gradient descent converges, we need the following lemma.

Lemma B.1 (Descent lemma; e.g., Beck, 2014, Lemma 4.22). Let
f : D → R be a differentiable function on an open convex domain
D ⊆ Rn. Assume that ∇f is Lipschitz continuous with Lipschitz
constant L. For all x, y ∈ D, we then have

f (y) ≤ f (x) + (∇f (x))⊤ (y − x) + L

2 ∥y − x∥
2 .
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Proof. Let x, y ∈ D. From the chain rule and the fundamental theorem of
calculus, it then follows that

f (y)− f (x) =
∫ 1

0
(∇f (x+ t (y − x)))⊤ (y − x) dt.

Therefore,∣∣∣f (y)− f (x)− (∇f (x))⊤ (y − x)
∣∣∣ =

∣∣∣∣∫ 1

0
(∇f (x+ t (y − x)))⊤ (y − x) dt

∣∣∣∣
≤
∫ 1

0

∣∣∣(∇f (x+ t (y − x)))⊤ (y − x)
∣∣∣ dt

≤
∫ 1

0
∥∇f (x+ t (y − x))−∇f (x)∥ ∥y − x∥ dt

≤
∫ 1

0
tL ∥y − x∥2 dt = L

2 ∥y − x∥
2 ,

where the first inequality follows from the triangle inequality, the second
from the Cauchy-Schwarz inequality, and the third from the Lipschitz
property. Hence,

f (y) ≤ f (x) + (∇f (x))⊤ (y − x) + L

2 ∥y − x∥
2 .

The following lemma now shows how much the value of the f after a single
iteration.

Lemma B.2 (Sufficient-decrease lemma; e.g., Beck, 2014, Lemma
4.23). Let f : D → R be a differentiable function on an open convex
domain D ⊆ Rn. Assume that ∇f is Lipschitz continuous with
Lipschitz constant L. For all x ∈ D, and t > 0 with x− t∇f (x) ∈ D,
we then have

f (x)− f (x− t∇f (x)) ≥ t
(

1− tL

2

)
∥∇f (x)∥2 .

Proof. Let x ∈ D, and t > 0 with x− t∇f (x) ∈ D. From the descent lemma,
it then follows that

f (x− t∇f (x)) ≤ f (x) + (∇f (x))⊤ (−t∇f (x)) + L

2 ∥−t∇f (x)∥2

= f (x)− t ∥∇f (x)∥2 + t2L

2 ∥∇f (x)∥2

= f (x)− t
(

1− tL

2

)
∥∇f (x)∥2 .

Hence,
f (x)− f (x− t∇f (x)) ≥ t

(
1− tL

2

)
∥∇f (x)∥2 .
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It now follows that gradient descent converges if the step size is sufficiently
small.

Theorem B.3 (Convergence of gradient descent; e.g., Beck, 2014,
Theorem 4.24 and Theorem 4.25). Consider an unconstrained
optimization problem

inf
x∈D

f (x) ,

where f : D → R is a continuously differentiable function on an open
convex domain D ⊆ Rn. Assume that f is bounded from below, and
that ∇f is Lipschitz continuous with Lipschitz constant L > 0. For
every sequence (xk)∞

k=0 obtained by gradient descent with step size
t < 2

L
, we then have

∇f (xk)→ 0 as k →∞.

Proof. Let (xk)∞
k=0 be a sequence obtained by gradient descent with step size

t < 2
L

. From the sufficient-decrease lemma, it then follows that, for all
k ∈ N0, we have

f (xk)− f (xk+1) ≥ t
(

1− tL

2

)
∥∇f (xk)∥2 .

Since 0 < t < 2
L

, we then have t
(
1− tL

2

)
> 0. Therefore, for all k ∈ N0, we

have
f (xk)− f (xk+1) ≥ t

(
1− tL

2

)
∥∇f (xk)∥2 ≥ 0,

so f (xk+1) ≤ f (xk), and f (xk+1) = f (xk) if and only if ∇f (xk) = 0. Hence,
the sequence (f (xk))∞

k=0 is nonincreasing. Since it is bounded from below, it
is convergent. Therefore,

0 ≤ t
(

1− tL

2

)
∥∇f (xk)∥2 ≤ f (xk)− f (xk+1)→ 0 as k →∞.

Hence, ∇f (xk)→ 0 as k →∞.

B.2 Newton’s method

Consider an unconstrained optimization problem

inf
x∈D

f (x) ,

where f : D → Rn is a twice continuously differentiable function on an open
domain D ⊆ Rn.
We assume that the Hessian ∇2f is Lipschitz continuous. Then, Newton’s
method converges to a local minimizer x∗ of f if the initial point is
sufficiently close to x∗.

74



Theorem B.4 (Local quadratic convergence of Newton’s method; e.g.,
Beck, 2014, Theorem 5.2). Consider an unconstrained optimization
problem

inf
x∈D

f (x) ,

where f : D → Rn is a twice continuously differentiable function on an
open convex domain D ⊆ Rn. Assume that f has a local minimizer x∗

with ∇2f (x∗) ≻ 0, and that ∇2f is Lipschitz continuous with Lipschitz
constant L > 0. Then, there exist an r > 0 and a c > 0 such that, for
every sequence (xk)∞

k=0 obtained by Newton’s method with
∥x0 − x∗∥ ≤ r, we have

∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥2

for all k ∈ N0.

Proof. Since D is an open set, and ∇2f (x∗) ≻ 0, there exist an m > 0 and
an r′ > 0 such that, for all x ∈ Rn, we have x ∈ D with ∥x− x∗∥ ≤ r′, and
∇2f (x) ⪰ mIn.
Let (xk)∞

k=0 be a sequence obtained by the dth-order Newton method, and let
k ∈ N0. Assume that ∥xk − x∗∥ ≤ r′. Since x∗ is a local minimizer of f , we
have ∇f (x∗) = 0. From the chain rule and the fundamental theorem, it now
follows that

xk+1 − x∗ = xk −
(
∇2f (xk)

)−1
∇f (xk)− x∗

= xk − x∗ −
(
∇2f (xk)

)−1
(∇f (xk)−∇f (x∗))

= xk − x∗ −
(
∇2f (xk)

)−1 ∫ 1

0
∇2f (x∗ + t (xk − x∗)) (xk − x∗) dt

=
(
∇2f (xk)

)−1 ∫ 1

0

(
∇2f (xk)−∇2f (x∗ + t (xk − x∗))

)
(xk − x∗) dt.

Since ∇2f (xk) ⪰ mIn, we have (∇2f (xk))−1 ⪯ 1
m
In. Hence,

∥xk+1 − x∗∥ =
∥∥∥∥(∇2f (xk)

)−1 ∫ 1

0

(
∇2f (xk)−∇2f (x∗ + t (xk − x∗))

)
(xk − x∗) dt

∥∥∥∥
≤
∥∥∥∥(∇2f (xk)

)−1
∥∥∥∥ ∥∥∥∥∫ 1

0

(
∇2f (xk)−∇2f (x∗ + t (xk − x∗))

)
(xk − x∗) dt

∥∥∥∥
≤
∥∥∥∥(∇2f (xk)

)−1
∥∥∥∥ ∫ 1

0

∥∥∥(∇2f (xk)−∇2f (x∗ + t (xk − x∗))
)

(xk − x∗)
∥∥∥ dt

≤
∥∥∥∥(∇2f (xk)

)−1
∥∥∥∥ ∫ 1

0

∥∥∥∇2f (xk)−∇2f (x∗ + t (xk − x∗))
∥∥∥ ∥xk − x∗∥ dt

≤ 1
m

∫ 1

0
(1− t)L ∥xk − x∗∥2 dt = L

2m ∥xk − x∗∥2 ,

where first and third inequalities follow from Theorem A.4, the second from
the triangle inequality, and the fourth from the Lipschitz property.
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Let r = min
{
r′, 2m

L

}
and c = L

2m
. Then, r ≤ 1

c
, so cr2 ≤ r.

Let (xk)∞
k=0 be a sequence obtained by Newton’s method with ∥x0 − x∗∥ ≤ r.

If ∥xk − x∗∥ ≤ r for some k ∈ N0, then

∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥2 ≤ cr2 ≤ r.

Hence, ∥xk − x∗∥ ≤ r, so ∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥d, for all k ∈ N0.

Corollary B.4.1 (e.g., Beck, 2014, Theorem 5.2). Consider an
unconstrained optimization problem

inf
x∈D

f (x) ,

where f : D → Rn is a twice continuously differentiable function on an
open convex domain D ⊆ Rn. Assume that f has a local minimizer x∗

with ∇2f (x∗) ≻ 0, and that ∇2f is Lipschitz continuous with Lipschitz
constant L > 0. Then, there exists an R > 0 such that, for every
sequence (xk)∞

k=0 obtained by Newton’s method with ∥x0 − x∗∥ ≤ R,
we have

∥xk − x∗∥ ≤ 2R
(1

2

)2k

for all k ∈ N0.

Proof. From local quadratic convergence of Newton’s method, it follows that
there exist an r > 0 and a c > 0 such that, for every sequence (xk)∞

k=0
obtained by Newton’s method with ∥x0 − x∗∥ ≤ r, we have
∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥2 for all k ∈ N0.

Let R = min
{
r, 1

2c

}
. Then, 2R ≤ 1

c
, so c (2R)2 ≤ 2R.

Let (xk)∞
k=0 be a sequence obtained by Newton’s method with ∥x0 − x∗∥ ≤ R.

If ∥xk − x∗∥ ≤ 2R
(

1
2

)2k

for some k ∈ N0, then

∥xk+1 − x∗∥ ≤ c ∥xk − x∗∥2 ≤ c
(

2R
(1

2

)2k)2

= c (2R)2
(1

2

)2k+1

= 2R
(1

2

)2k+1

.

Hence, ∥xk − x∗∥ ≤ 2R
(

1
2

)2k

for all k ∈ N0.
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